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Abstract. Support vector machines (SVMs) carry out binary classifi-
cation by constructing a maximal margin hyperplane between the two
classes of observed (training) examples and then classifying test points
according to the half-spaces in which they reside (irrespective of the dis-
tances that may exist between the test examples and the hyperplane).
Cross-validation involves finding the one SVM model together with its
optimal parameters that minimizes the training error and has good gen-
eralization in the future. In contrast, in this paper we collect all of the
models found in the model selection phase and make predictions accord-
ing to the model whose hyperplane achieves the maximum separation
from a test point. This directly corresponds to the Lo, norm for choos-
ing SVM models at the testing stage. Furthermore, we also investigate
other more general techniques corresponding to different L, norms and
show how these methods allow us to avoid the complex and time con-
suming paradigm of cross-validation. Experimental results demonstrate
this advantage, showing significant decreases in computational time as
well as competitive generalization error.

1 Introduction

Data mining is the process of analysing data to gather useful information or
structure. Computationally it is a highly demanding area because of the large
amount of experimental data in databases. Various applications of data mining
are prevalent in areas such as medicine, finance, business and so forth. There
are different types of data mining tools such as statistical analysis, probabilistic
methods and learning theory.

For the majority of data mining tools, parameter selection is a critical ques-
tion and attempts at determining the right model for data analysis and pre-
diction. In this research, we develop a fast algorithm for model selection that



uses the benefit of all the models constructed during the parameter selection
stage. We apply our model selection strategy to a maximum margin algorithm
called the Support Vector Machines (SVMs), which is one of the most powerful
methods in machine learning for solving binary classification problems. SVMs
were invented by Vapnik [7] (and co-workers), with the idea to classify points by
maximizing the distance between two classes [1].

In recent years, learning methods have become more desirable because of
their reliability and effectiveness at solving real world problems. In real world
situations, for instance in the engineering or biological sciences, conducting ex-
periments can be costly and time consuming. In such situations, accurate pre-
dictive methods can be used to help overcome these difficulties in more efficient
and cost effective ways. Furthermore, large amounts of information are freely
accessible on the internet, containing large data sets. Therefore, it is important
to understand and analyze these data sets to make them beneficial. Different
methodologies have been developed to tackle learning, including supervised and
unsupervised learning.

Supervised learning is a learning methodology where unseen data (test data)
can be predicted with the help of observations. Algorithms learn functions based
on training examples consisting of input-output pairs given to the learning sys-
tem. These functions can subsequently be used to predict the output of test
examples. Training sets are the main resource of supervised learning.

Let (x,y) be an (input,output) pair where x € R” and y € {—1,1}. We say
that x comes from some input domain X and similarly that y comes from some
output domain Y. We define a training set that contains ¢ input-output pairs
by S = {(xi,yi)}i—;. Given S and a set of functions F we would like to find a
candidate function f € F such that

f : input space — output domain.

We refer to these candidate functions as hypotheses [2].

Binary classification is frequently performed using linear classification meth-
ods when the output domain Y consists of two labels {—1, 1}, and the function
f X — {-1,1} maps examples to a two dimensional label space. A more
rigourous definition follows.

Definition 1. Let f be a real-valued function defined on a subset X C R™,
f: X —R

Then, x = (z1,%2,...,1,) " is assigned to the positive class if f(x) > 0, other-
wise it is assigned to the negative class.

In this study, a function f(x) is affinely linear if it can be expressed as

F(x) = (w,x) +

n
i=1



where (-,-) denotes the scalar product and (w,b) consists of the parameters
that control the function and decision rule given by sgn(f(x)). Here, w =
(wy, ... ,wn)—r € R" is referred to as the weight vector and b € R the bias.

In linear binary classification, the two classes are discriminated by a hyper-
plane defined by (w,x) + b = 0. The distance of the hyperplane to some point
x € X is known as a margin.

Definition 2. We define the (functional) margin of the examples (x;,y;) (i =
1,2,...,¢) with respect to a hyperplane (w,b) to be the quantity

vi =y ((w,x;)+b) (1=1,2,...,¢).
Note that if v; > 0, then correct classification is achieved.

Definition 3. The geometric margin is defined as the distance between each
of the points nearest to the hyperplane and the hyperplane. The wvalue of the
geometric margin is p, where p is the functional margin [2].

For real world problems, data in the input space may not be linearly sep-
arable, in which case non-linear classifiers are needed. Multi-layer perceptrons
were introduced to serve this purpose but suffered from slow training and local
minima in weight (input) space. Kernel methods use a different approach that
increases the flexibility of linear functions by applying a non-linear mapping ¢
from the input space into a higher dimensional vector space called the feature
space. Then f and w can be rewritten as:

f(x) = (w,8(x)) +b, (1)
where the weight vector,
¢
W= aiyid(xi), (2)
i=1

can be written as a linear combination of the training examples in feature space.
In fact, we can compute f without the explicit feature vectors ¢(x) if we have
a direct method for computing k(x,2) = ($(x), ¢(z)), referred to as the kernel
function [2].

Support vector machines choose the linear classifier that maximizes the geo-
metrical margin over the training data. Since rescaling of (w,b) does not change
classification, we can enforce

1
llwll2

maximize the margin, it is necessary to minimize ||w||3 (where ||-||, denotes the
Euclidean norm).

where the functional margin is 1 and the geometric margin is

. Hence, to



Hard Margin Classifier Problem Given the above definition we have a con-
vex optimization problem where we can look for the hard margin (optimal)
classifier in the following form:

ming, w3

such that y; - (W, ¢(x;)) +b0) > 1 (i =1,2,...,0).

In general, the dual form of the problem is preferred and it is found with
the help of optimization theory. Using the Lagrangian technique and its partial
derivatives, with the Karush-Kuhn-Tucker (KKT) conditions, the dual problem
is given in the following form:

¢ ¢
max Zi:l Q; — % Zizl yiyjaiajﬁ(xﬂxj)
Subject to Zle yia; =0,
04120 (i:1,2,...,€).

To solve complex classification problems (not perfectly linearly seperable),
it is not enough to apply hard margin maximal margin classifiers, since they
will not be applicable to real world data. Therefore, slack variables (that allow
errors) are introduced to permit the maximal margin criterion to be violated.
This is known as a soft margin classifier.

Soft Margin Classifier Problem Given a vector £ = (£1,...,&)" known as
a slack variable and adding it to the objective function results in the following
soft margin optimization problem:

mingwy [|W[3+C3; &
Subject to  y; - ({(W, (%)) +b) >1-¢& (i=1,2,...,¢).

The use of different regularization parameters for positive and negative ex-
amples becomes important when there are significant imbalances between the
number of positive and negative training examples.

The corresponding dual form can be constructed in the same way, by set-
ting the gradient of the Lagrange function equal to zero and writing the KKT
conditions. Hence, one is faced with the following dual optimization problem:

¢ ¢
max YTy o — g iy Yiloioys(Xi, X;),
Subject to Zle yia; = 0,
0<a; <C, (i=1,2,...,0).

The solution of this optimization problem yields a maximal margin hyper-
plane that we wil refer to as the Support Vector Machine (SVM).

All machine learning algorithms require a model selection phase. This consists
of choosing the best parameters for a particular data set and using them in order



to make predictions. In the SVM (or v»-SVM) that uses a Gaussian kernel the
number of parameters to tune is two — the C in the standard SVM (or the v in
the »-SVM) and the kernel width parameter o. Lets take the standard SVM and
look a little closely at the model selection phase. Firstly, given some data set
S the most common model selection technique is to use k—fold cross validation
where k& > 0,k € N. The idea is to split the data into k parts and then use
k —1 for training and the remaining for testing. The k — 1 folds are trained with
various values of C and ¢ and tested on each test test. The set of values that
give the smallest test error amongst all of the splits is used as the SVM model
for the entire training set .S.

In this paper we assume that the data sets consist of a small number of
examples and applying cross-validation is costly as we will tend to use up a
large proportion of points in the test set. We tackle this problem by using the
full training set to construct all possible SVM models that can be defined using
the list of parameter values. We classify a test point by checking to see which
SVM hyperplane (from the full list of models) the test point is furthest from.
Rather than re-training the SVM using the best C' and best o value we sim-
ply store all of the SVM models and make predictions using any one of them.
This speeds up the computational time of model selection when compared to
the cross-validation model selection regime described above. The intuition of
choosing parameters from the test phase is based on the studies of [5] and [6].
In [5], biological data is classified according to the output values defined with
confidence levels with different classifiers being determined for each protein se-
quence. The second motivation for the work comes from the theoretical work of
[6] that gives generalization error bounds on test points given that they achieve
a a large separation from the hyperplane. This suggests that we can make pre-
dictions once we receive test points, from the hyperplanes already constructed
and giving us a way of avoiding cross validation. The following section describes
this methodology.

2 Methods

In this section, three different norms will be discussed for model selection at
the testing phase. Given a set of functions {f1(x),... fe(x)} output by the SVM
with £ = |C| x |o| being the number of models that can be constructed from
the set of parameter values C' = {C,...} and ¢ = {o1,...} we can use some
or a combination of them to make predictions. The first approach we propose
uses the L., norm for choosing which function to use. This is equivalent to
evaluating the distance of a test point according to the function that achieves
the largest (functional) margin. For example, assume we have three values for
C = {C,C,C3} and two values for o = {01, 02}, respectively. Therefore, we
have the following £ = 6 SVM models together with their list of parameter values
{C,c}:

- f1 = SVMli {01,0'1}



- fg = SVMQI {01,0'2}
- f3 = SVMgZ {02,0'1}
- f4 = SVM4I {02,0'2}
- f5 = SVM5: {03,0'1}
- fﬁ = SVMGZ {04,0'4}

Now at evaluation we would compute the functions for all test points. For
instance given a test example x € Xy, let us assume the following six functional
values,

- fi(x) =1.67
~ fa(x) = 0.89
- 3(X) = —0.32
~ fa(x) = —0.05
- fs(x) =11

- flx) =18

We assume here, without loss of generality, that the functions f compute
the functional margins and not the geometrical margins (hence the reason that
the example values we have presented are not bounded by 1 and -1). Finally
we would predict the class of x by looking for the maximum positive and the
maximum negative value of all functions. This corresponds to fg and f3. How-
ever, the distance of the test example x from the hyperplane is greater for the
fo6 =SVMg function/model and therefore this example can be predicted as pos-
itive. Therefore, the L, prediction function Fi,(x) given an example x can be
expressed in the following way,

Foo(x) = sgn (max{ fi(x) iy +min{fi(x)}i—1) , (4)

where F' = {f1,..., fe} is the set of all the functions that can be constructed
from the list of parameter values.

The L., norm approach is also illustrated in Fig. 1 on a real world data
set. The figure gives the evaluations of 110 SVM models (10 C values and 11 o
values) for a particular test point. The plot on the left of Fig. 1 are the functional
margin values for a test point given the 110 different parameter values and sorted
in ascending order. We can see from the plot on the right that the maximum
positive margin and minimum negative margin are the left most and right most
bars (in red), respectively, and the sign of the sum of these two values will give
us the prediction of the test point. This test point is classified positive.

The second approach we introduce is for the L; norm where the decision
depends on the sign of the Riemann sum of all outputs evaluated for a test
point. For example, looking at the example we gave above we can see that sum-
ming the positive function values 1.67 4 0.89 + 1.1 + 1.8 for the set of functions
{f1, f2, 5, f6} and the negative function values —0.32 + —0.05 for {fs, f4} will
give an overall positive value of 5.46 and a negative value of —0.37, respectively.
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Fig. 1. Each stem corresponds to the functional margin value given for that particular
SVM model f. Right hand side is the graph of Lo, norm which predicts the example
as +1 where actual class is +1

Clearly, the sign of the sum of these two values will result in a positive classifi-
cation for the test point x. Generalizing this example we can have the following
Ly norm prediction function F}(x) given a test example x,

4
F1(x) = sgn (Z fl(x)> ) (5)

This is illustrated on the left hand side of Figure 2. It is clear that the
prediction function looks at the integrals of the two areas (indicated in red) above
and below the threshold of 0. Essentially this equates to summing the above and
below stems. In Fig. 2, it is clear that the summation will be positive since the
area of the positive values (above 0) is bigger than the area of the negative values
(below 0). This methodology corresponds to summing the weighted average of
all the prediction functions with a uniform weighting of 1.

The final approach corresponds to the L, norm and is similar to the L; norm
discussed above, but with a down-weighting if values are below 1 and an up-
weighting if they are above 1. This means that we are giving a greater confidence
to functions that predict functional values greater than 1 or -1 but less confidence
to those that are closer to the threshold of 0. Another way of thinking about
this approach is that it is equivalent to a weighted combination of functional
margins with the absolute values of themselves. Once again, using the example
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Fig. 2. Each stem corresponds to the functional margin value given for that particular
SVM model f. The Li and L2 norms both predict +1. The actual class of each example
is +1.

from above, and weighting the summation of the positive function values with
their absolute values gives (1.67 x 1.67) + (0.89 x 0.89) 4+ (1.1 x 1.1) + (1.8 x 1.8)
for the positive functions { f1, f2, f5, f6} and (—0.32 x 0.32) + (—0.05 x 0.05) for
the negative functions {f3, f4}, respectively. These two summations will give an
overall positive value of 8.03 and a negative value of —0.1049, respectively, and
the summing of these two values will give a prediction of the test example as
belonging to the positive class. Therefore, given a test example x, we have the
following Lo norm prediction function Fs(x),

L
F(x) = sgn (Z fi(x)|fi(x)|> : (6)

The right hand side plot of Figure 2 represents the Ly norm solution for the
same test point predicted by the L., norm in Fig. 1 and the L; norm method
shown on the left hand side of Fig. 2. As you can see the blue region corresponds
to the original values of the functions and the red stems are the down-weighted
or up-weighted values of the 110 prediction functions. The Lo norm corresponds
to summing the weights of the red stems only. It can be seen that the values
that are smaller than 1 are down-weighted (decreased) and those greater than
1 are up-weighted (increased). Clearly values that are close to 1 do not change
significantly.



3 Data Set Description

In this study, we used the well known standard UCI machine learning repository
(can be accessed via http://archive.ics.uci.edu/ml/). From the repository, we
used the Votes, Glass, Haberman, Bupa, Credit, Pima, BreastW , Ionosphere,
Australian Credit and the German Credit data sets. For the first seven data sets
we removed examples containing unknown values and contradictory labels (this
is why the Votes data set is considerably smaller than the one found at the UCI
website). The number of examples, attributes and class distributions of all the
data sets are given in Table 1.

Data set ||# instances|# attributes|# pos|# neg
Voes 52 16 18 34
Glass 163 9 87 76
Haberman 294 3 219 75
Bupa 345 6 145 | 200
Credit 653 15 296 | 357
Pima 768 8 269 | 499
BreastW 683 9 239 | 444
Tonosphere 351 34 225 | 126
Australian 690 14 307 | 383
German 1000 20 300 | 700

Table 1. Data set description

4 Results

We call our methods the SVM-L,, SVM-L; and SVM-Ls which corresponds to
using the L, L; and Ly methods we had proposed in Section 2. We also test
our methods against the SVM with cross-validation (CV), where we carry out
10-fold cross-validation and a further 10 folds to estimate the optimal C and o
values. Note that in the methods we propose we do not need to carry out this
parameter tuning phase and hence achieve a 10 fold speed-up against the SVM
with CV.

Table 2 presents the results and we report the standard deviation (STD) of
the error over the 10-folds of cross-validation, the cumulative training and testing
time (time) in seconds for all folds of CV, and the error as percentages (error
%) and as numbers (error #) for the entire 10-fold cross-validation process.

The results of the SVM-L,, where p = 00,2,1 shows a significant decrease
in computational time when compared to the SVM with CV. For example, we
can see that the German data set takes approximately 4368 seconds to train
and test and that our methods take between 544 and 597 seconds for training
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and testing purposes. This is approximately 8 times faster than using cross-
validation. We can also see from Table 2 that the L., method seems to capture
better prediction models compared to the other two L, norm methods, but all
three methods compare favourably with respect to test error against the SVM
with CV.

Finally, when comparing the three methods proposed it is clear that the most
succesful in terms of speed and accuracy is the L., norm. This perhaps is less
surprising when viewed from the theoretical motivation of this work, as [6] has
proposed a bound that gives higher confidence of correct classification if the test
point achieves a large separation from the hyperplane. This is exactly what the
L, norm method does.

5 Discussion and Future Work

We proposed a novel method for carrying out predictions with the SVM classifiers
once they had been constructed using the entire list of regularization parameters
(chosen by the user). We showed that we could apply the L, norms to help pick
these classifier(s). Moreover, we proposed the SVM-L,, SVM-L; and SVM-Ly
strategies and discussed their attributes with a toy and real world example. We
showed that the L., method would choose a single classifier for prediction, the
one that maximally maximized the distance of a test point from its hyperplane.
The L; and Ly norms were similar to each other and gave predictions using a
(weighted) sum of the prediction functions constructed by each SVM function.
Finally, in Section 4 we gave experimental results that elucidated the methods
described in this paper.

The main purpose of the work proposed is to overcome situations where we
have a very large or a very small number of examples. Having a small number of
examples means that examples are scarce and using them for testing in a cross-
validation split is costly. Also, having a large number of examples implies very
long running times. We overcome these problems by avoiding the cross-validation
process used for finding the best regularization parameters. Removing this CV
dependency for finding parameters greatly improves training and testing time
for the SVM algorithm.

A future research direction would be to use other methods for choosing
the classifiers at testing. Perhaps, a convex combination of the functions would
yield better generalization capabilities. Such a combination of functions could
be weighted by a factor in the following way,

£
F(x) = sgn (Z ﬂz’fi(x)> (7)
, 1=1
s.t Zﬂ, =1

where 3; € R.
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Finally, we believe that tighter margin based bounds would help to improve
the selection of the SVM functions at testing. The bound proposed by [6] suggests
the Lo, method we proposed in this paper. However, from the results section
it is clear that this does not always create smaller generalization error than the
SVM with CV. Therefore, a future research direction is to use a tighter bounding
principle for the margin based bound of [6], such as a PAC-Bayes analysis (due
to [4], but also extended to margins by [3]). Therefore, we could use the bounds
to indicate which classifiers to use at testing. We believe that a tighter estimate
of the bounds would yield better generalization.
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