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In recent years, learning methods are desirable because of their reliability and efficiency in
real-world problems. Machine Learning (ML) is one of the powerfull subfields of Artificial
Intelligience (AI) which deals with finding hidden patterns in data or classifying objects in
the data. In this study, we are interested in Support Vector Machines (SVMs) which is one of
the powerfull methods in classification methods in supervised learning. In ML algorithms, one
of the crucial issues is the representation of the data.The linearity of the different classes plays
an important role in ML. If the data is not linearly separable, a kernel function transforms
the nonlinear data into a higher-dimesional space in which the nonlinear data are linearly
separable. As the data become heterogeneous and large-scale, single kernel methods become
insufficient to classify nonlinear data. Convex combinations of kernels are developed to classify
this kind of data [5]. Nevertheless, the finite combination of kernels are limited up to a finite
choice. In order to overcome this discrepancy, we propose a novel method of ”infinite” kernel
combinations for learning problems with the help of infinite and semi-infinite optimization
regarding all elements in kernel space. This will provide to study variations of combinations
of kernels when considering heterogeneous data in real-world applications. Combination of
kernels can be done, e.g., along a homotophy parameter or a more specific parameter. Looking
at all infinitesimally fine convex combinations of the kernels from the infinite kernel set, the
margin is maximized subject to an infinite number of constraints with a compact index set
and an additional (Riemann-Stieltjes) integral constraint due to the combinations. After a
parametrisation in the space of probability measures it becomes semi-infinite. We analyze the
regularity conditions which satisfy the Reduction Ansatz and discuss the type of distribution
functions within the structure of the constraints and our bilevel optimization problem.

Keywords: machine Learning; semi-infinite optimization; infinite programming; support
vector machines; continuous optimization; data mining.
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1. Introduction

By the innovation and development of the technology, high processor computers
took the place of human workload. For instance, the classification or detection
problems in the real world such as credit card frauding, account management,
portfolio optimization, or in life sciences such as biological experiments [16], pre-
diction of cancer risk, finding pattern in genes [12] or identification of proteins
without needing any costing experiments. This provides to save time in industry.
By mathematical modelling and computer science, experimental data are analyzed
and data mining and learning tools [28] are developed. As the demands increase,
new constraints are added, risks are minimized, etc.. Thus, it turns out to be an
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Figure 1. Maximum margin between two classes [7].

optimization problem in which data mining tools are used. The contribution of
continuous optimization methods opens a new field of research.

In this study, we will focus on optimization methods for solving binary classi-
fication problems. As a tool for classification problems, support vector machines
(SVMs) will be used; they are one of the most efficient classification tools and base
on maximizing the margin v between two classes of objects with some constraints.
The two classes are separated by an affine function via (w, ) +b = 0, where w is a
normal vector of the hyperplane and (-, -) denotes scalar product [7]. Given a set of
data (examples) S = {(z1,v1), (z2,92), ..., (x1,y1)}, where y; € {£1} and z; € R,
groups of points are separated by a hyperplane as shown in Figure 1. From these
data points, the so called training set, a classifier function or, i.e., hyperplane, is
found by SVM in order to predict the class of unlabeled data points, which are
unkown data points.

Linearity of the classes of data is one of the essential issues in SVM theory
since a hyperplane is a tool to discriminate the classes which is linear itself. The
pattern of the data can be discretely nonconvex or some part of the data can
be belong to one class or group of data, surrounded by the data of the another
class. In most of the real-world problems [16], data are not linearly separable.
Thus the data need to be transformed into another space in which they become
linearly separable. The representation of nonlinear data is changed with a nonlinear
mapping ¢ which transforms the input space into a higher dimensional feature space
such that the data points are linearly separable. But the mapping can be very high
dimensional and sometimes infinite dimensional. Hence, it is hard to interprete
decision (classification) functions which are expressed as f(z) = (w, ¢(x)) +b . In
[7], a kernel function is defined as an inner product of two points under the mapping
¢, 1.e., k(xs, 25) = (p(x;), d(x;)), so that the nonlinear mapping is implicitly defined
in an inner product which does not need to be found explicitly. The kernel function
physically denotes the similarity between the points. Hence, the distribution of the
data can determine the pattern of the data, thus, the similarity and kernel function,
e.g., Gaussian bellshaped function. The optimization problem for separating two
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classes is expressed as follows [7]:

ming, (w,w)
Primal Hard subject to y; - ((w, d(x;)) +b) > 1 (1)
Margin Problem (i=1,2,...,10);

its dual problem reads

l l
maXe iy O — % Ei,j:l oYy (T, )
Dual Hard subject to Zizl a;y; = 0, (2)
Margin Problem a; =20 (1=1,2,...,0).

Note that the primal problem is a convex quadratic problem. Concerning the
dual problem, the requirement that the kernel satisfies Mercer’s condition [7] is
equivalent to the requirement that the kernel matrix (/i(xi,a:j))éjzl is positive
definite for all training points. This implies that the objective function of (2) is
strictly concave since the matrix (y;y;x(x;, :Ej))li’jzl is positive definite. Since K is
positive semi-definite, some matrix YZKY is, of course, positive (semi) definite,
too. In our case, Y7 =Y is a diagonal matrix with the numbers y; = {£} at the
diagonal.

Then, any local solution of primal and dual problem is also a global one. By
the strong duality theorem [7], which says that if the domain is convex and the
constraints are affine, then there is no duality gap between (1) and (2).

It is not satisfactory to apply strictly perfect maximal margin classifiers without
any error term, since they will not be applicable to noisy real data. Therefore,
allowing that a mazimal margin criterion which states that the two classes are
separated such that the distance between them are maximum, is violated. This
is mathematically written in (3), with a vector £ of some slack variables intro-
duced into the constraints and, equipped with an error constant C' > 0. Here,
€= (&,...,6)T measures the degree of misclassification and the constant C' con-
trols the misclassification. In the equation (3), some points are allowed to be in
maximum margin with a distance of ¢ > 0 and an error constant C. Obviously,
if & > 1, the point x; is missclassified and if 0 < &; < 1, the point x; is correctly
classified, as shown by Figure 2.

minw,b <w7 w> +C 22:1 &
Primal Soft subject to y; - ((w, d(x;)) +0) = 1= (3)
Margin Problem (i=1,2,...,1).

The dual problem in the soft margin case looks as follows [7]:

l l
maXe iy O — % Ei,j:l oy (i, ;)
Dual Soft subject to Zi’:l a;y; =0, (4)
Margin Problem 0<a; <C (i=1,2,...,1).

Real-world data can be supplied from heterogeneous kinds of sources. In such
cases, multiple kernels are more convenient to use for a good accuracy. Recent
applications [13] showed the need for multiple kernel learning (MKL) by its inter-
pretability and efficiency. The common approach to MKL is a convex combination
of several kernels. Those kernels where selected before and combined to serve well
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maximal margin

Figure 2. Introduction of slack variables &;’s.

for the embedding into the feature space to do linear separation there. In [5], the
kernel-based SVM is formulated by a combination of multiple kernels and solved
by quadratically-constrained quadratic programming (QCQP) which is applied to
solve dual conic optimization problem. Likewise, [21] uses adapted multiple kernel
learning to large-scale problems which applies the method to biological sequence
analysis. Since the biological sequences have different motifs inside and for each
subsequence, different types of kernels are used, the combination is taken over the
whole sequence. In [21], kernel coefficients are maximized beyond a minimization
with respect to the dual variables, which is a max-min type of a problem. It can be-
come canonically represented as a semi-infinite problem [26, 27]. The classical SVM
is solved iteratively with linear programming and increasing the number of con-
straints iteratively in [21]. A different form of objective function is proposed in [15]
for MKL by adapted weighted 2-norm regularization for each function f induced
by kernels k. (k = 1,2,...,K) instead of using the 1-norm block regularization
[21] (K denoting some finite number of kernels). Sparsity of linear combinations
of kernels is controlled by adding a l-norm regularization term on these kernel
weights.

Note on Numerical Aspects: In our previous studies [16, 17], data are clas-
sified regarding the margin of the test data points and using all classifiers in the
hypothesis set. Thus, this benefits from the information of all classifiers and also
from the various kernels by different kernel parameters, e.g., in Gaussian kernel,
kernel parameter is a Gaussian width. Hence, using different classifiers in different
ways, for example, by voting, by ensemble classifiers, gives comparable accuracy
results for each test data point and also it improves the speed [16, 17]. In [17], the
classification functions depend on only one kernel, but the classification of the new
data depend on the results of different combinations of these classifiers on the test
points. This improves the accuracy and the speed of the algorithm in the numerical
results.

The finite combinations of kernels are limited up to a finite choice. This lim-
itation does not always allow to represent the similarity or dissimilarity of data
points, specifically highly nonlinear and large-scaled ones. A finite combination
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may fail, here. In order to overcome this, with the motivation of previous studies
[16, 17], we propose a combination of infinitely many kernels in Riemann-Stieltjes
integral form for binary classification to allow an infinite wealth of possible choices
of kernels in the kernel space. This makes the problem infinite in both its dimen-
sion and number of constraints, which is so-called infinite programming (IP). Our
IP problem formulation consists in the limiting case of infinite kernel coefficients
Bx’s where k — 00, which is defined as a monotonically increasing function or a
probability measure, 3, and an infinite number of constraints coming from max-
imal margin principle of SVM. Allowing infinitely many kernels might make our
problem ill-posed for real-world problems because of the enormous complexity of
the model also called overfitting. To penalize this curse of dimensionality, we intro-
duce the regularization terms and approximate ”differentiability” in the penalizing
term by first- and second-order difference quotients. On the other hand, to solve
IP more tractably, we reduced the IP to a semi-infinite problem, by parametriz-
ing infinite variables (measures) by probablility density functions (pdfs). We will
illustrate parametrization with examples for pdf. The organization of this paper is
as follows: In Section 2, we will motivate our approach by giving a brief introduc-
tion to MKL. In Section 3, we will introduce our approach so called infinite kernel
learning (IKL) and we will find regularity conditions for reduction ansatz for both
primal and dual problem. To define regularity conditions for the reduction ansatz,
the neighbourhood of optimal solution needs to be defined since optimal points are
implicitly depending on measures. Thus, we will discuss the topology of parame-
ters of the lower level problem, which are defined as measures in IP. In Section 4,
examples of different parametrizations will be given to reduce the problem into IP.
In Section 5, regularization of infiniteness will be discussed by means of adding a
term which penalizes infiniteness in the model. Finally, in Section 6, a conclusion
and an outlook of future studies will be given.

2. Multiple Kernel Learning

In this section, we will give an intuition of MKL and problem formulations. Hetero-
geneous kinds of data in real-world examples have let kernel learning algorithms be-
come generalized by the combination of kernels in a compact form [21]. A weighted
combination of kernels allows to define similarity measurement of heteregeneous
data. Firstly, we regard a convex combination of kernels k, (k=1,...,K):

«Tzax] Zﬁn mlvx] (5)

where ., >0 (k=1,2,...,K), Zle Or=1,x; (1=1,2,...,1) is translated via
K mappings ¢, : x; — ¢x(x;) € RP<(k =1,...,K), from the input space R" into
K feature spaces R”~, D, being the dimension of the k-th feature space [21] and

kli(xi’ xj) = <¢,§(I1), QZ/),{(ZE]»
In [21], the following MKL problem is derived by using the convex combination of
kernels (5):

2
Primal Multiple min % <ZHK:1 Hwn”z) + 022:1 & (we €RP E€RLDER)

Kernel Problem subject to ;- (Eszl (Wi, b)) + b) >1-¢,
€20 (1=1,2,...,1).
(6)
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In [5], the dual of the problem (6) is expressed with second-order cones as follows:

Dual Multiple min 372 — Eé:l a; (YER,aeRY
Kernel Problem  subject to 0 < q; <C, Zé:l oy = 0,
Zij:l aioyiyike (i, x5) <v (k=1,2,...,K).
(7)
A numerical solution for large-scale problems is introduced in [21] by using a semi-
infinite linear programming (SILP) [10] at the place of (7) rather than solving an
SDP (semidefinite programming) problem as done in [5]:

maxg ming Zle BeSe(a)  (a€R!, BeRK)
subject to  0<a; <C, >0 (componentwise), (8)

S iy =0, and YK g =1,

where Si(a) = %Z;j:l ;o yiyik(xg, ) — 2221 a;. Let us denote S(a,3) =
25:1 BrSk(a). Problem (8) can be represented as an SIP (semi-infinite program-
ming) problem by a standard argument [21]. Indeed, by maximizing the height
variable § under the min term (epigraph argument), problem (8) reduces to the
following smooth maximization problem of SILP kind:

max 6 (0 € R, B € RE)
subject to >0, > B, =1
25:1 BeSk(a) =0 Yo € RN with 0 < o < C1 and Zi:l yia; = 0.

(9)

Here, 1 = (1,1,1,..., )T € R".

3. Learning with Infinite Kernels

3.1. Combination of Infinitely Many Kernels

Due to the limited case of multiple kernels as it is dicussed in Section 1 and based
on the motivation of multiple kernel learning, we propose a different formulation by
introducing infinitely many kernels in the Riemann-Stieltjes [2] integral form which
covers an infinite dimensional kernel space. Mathematically, an infinite combination
will be represented by the following formula:

kg(zi, xj) ::/Qk(azi,a:j,w)dﬂ(w), (10)

where w € €1 is a kernel parameter and [ is a monotonically increasing func-
tion of integral 1, or just a probability measure on 2. For example, infinite
combination of Gaussian kernels with different widths from a set 2 will be
kg(wi, zj) = [oexp(—w |lz; — @H%)dﬁ(w). Hereby, we use the wealth by means of
infinite kernels to overcome the limitation of kernel combination given by finitely
pre-chosen kernels. The question of which combination of kernels and the structure
of mixture of kernels could be considered and optimized, e.g., be answered by ho-
motopies. More formally, let us define a function which provides the combination
of kernels as follows:
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Hy, 2y (W) i= k(zs,25,w) (we[0,1]). (11)

In short, we write H, , (w) =: H(w), and we illustrate this homotopy by an
example.

Example 1: Given k(x;,z;,w) = wexp(—w* ||z; — xng) + (1 —w)(1+zFx;)d
and a Gaussian width w*, then,

H(0) = (1 +atz;)? = kY(x;,7;) (polynomial kernel),

H(1) = exp(—w* ||z; — a;]Hg) = k*(z;,2;) (Gaussian kernel).

Herewith, [ k(2i, zj,w)dB(w) = kg(xi, z;) with Q = [0,1].

The intuition behind the above example is illustrated in Figure 3 and Figure 4.

We can go from polynomial to Gaussian via a defined homotopy by infinitesmal
coefficients df(w).

Polynomial Gaussian
H(0) H(1)
I L1 1] 1] l
LR
o | E
0,

Figure 3. On the homotopy between two kernels, example.

To come to infinitely many and infinitesmal coefficients, let us assume that
(Mk)ken, 1s a monotonically increasing sequence in the bounded interval  := [0, 1]
tending to 1 as k — oo and, say, o = 0. Then > >, (1, —nx—1) = 1. We can refine
the summation by a Riemann—Stieltijes integral with any monotonically increasing
function 3 : [0, 1] — R such that [; d(w) = 1. Indeed, we obtain an infinitesimal
increment df(w) after limit calculus with weights 5, = B(wy) — B(wk—1), i.e., the
incremental weights related to a convex combination 3 of kernels as in (5).

H(1)

H(0) we|0,1]

Figure 4. Homotopy function which starts at H(0) and combines kernels until H(1) is reached.
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Another form of a combination is having just one kernel with its various parameters
which are to be in infinite dimensional space. More formally, this can be written
in the following form:

Example 2: Given a kernel k(z;, zj,w) = exp (—w ||z; — xng), the infinite com-
bination of kernel in a Riemann-Stieltjes integral form is

kﬁ(g;i,xj,w):/Qk(a:i,a:j,w)dﬂ(w)
= / exp (—w ||x; —»Tng)dﬁ(w)’
Q

where 2 = [a,b] (0 < a < b) is the set in which w lies. Here, we allow different
combination of Gaussian widths.

The difference between the first example and second one is that, in the first
one, the Gaussian width is fixed and different types of kernels are combined by a
homotopy. But, in the second one, the kernel parameter is allowed to be a specific
nonlinearly implied variable.

After giving an information about the structure of the combination of infinitely
many kernels, we introduce these combinations in the form of Riemann-Stieltjes
integrals to the problem (9) as follows:

maxg 3 0 (0 €R, B:]a,b] — R, monotonically increasing function)
subject to [ <%S(w,a) — Zﬁ:l ai> dB(w) =6 Va € R with 0 < o < C1,(12)

Sy =0, [,dB(w) =

Here, S(w, a) is defined by
l
S(w, @) Z ;o yiyik(zs, o, w). (13)
i,j=1
i - l _ .
Let us introduce T'(w, o) := S(w, ) — >, oy, recall = [0, 1] and for the index
set of inequality constraints we write

A:={aeR |0<a<Cland Zaiyizo},
i=1
where 1 = (1,1,...,1)T. Herewith, (12) turns into the following form:

maxgs (0 €R, /8 a positive measure on €2)

subject to 6 — fQ w,a)df(w) <0 (a€A). (14)

Since there are infinitely many inequality constraints and the state variable [ is
from an infinite dimensional space, our problem is a one of infinite programming

(IP) [1]. Now, we get a dual of (14) as

mins, 0 (0 €R, p: a positive measure on A)
subject to a—fA (w,)dp(ar) <0, (weQ), [,dp(a)=1.

Let us assume that there exist (3, 60) and (p, o) that are feasible for their respec-
tive problems, and are complementary slack, i.e.,

J*:/T(w,a)dp*(a) and 0*:/T(w,a)dﬁ*(w).
A A

(15)

Then, 3 has measure only where o = [, T(w,a)dp(a) and p has measure only
where 0 = [, T(w, @)dB(w) which implies that both solutions are optimal for their
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respective problems.

The interesting theoretical problem with this is to find conditions which ensure
that solutions are point masses (i.e., original monotonic [ is a step function).
Problem (15) is a linear infinite one, i.e., from ILP (infinite linear programming),
an SILP (semi-infinite linear programming) one up to the infinite dimensions of
p space. Because of this insight and problem, and in view of the compactness of
the feasible (index) sets at the lower levels, A and 2, we are interested in the
nondegeneracy of the local minima of the lower level problem to get finitely many
local minimizers [26]. We note that on the lower levels, § and o are just shift terms
which do not affect the local solutions there.

For sake of simplicity from now on, Gaussian kernel combination is used in the
form given in Example 2

3.2. Dwual Problem

In this section, regularity conditions will be analyzed for the dual problem
on its lower level. Let us focus on problem (15), employ the language of bilevel
programming known from SIP (semi-infinite programming), introduce the function
9((o,p),w) :==0 — [ T(w,a)dp(c), parametric in (o, p), and state the

Lower Level Problem (Dual): For a given parameter (o, p) we consider

ming, g((o,p),w)

subject to w € (. (16)
Indeed, we denote the defining inequality constraint functions of Q by
vi((o,p),w) = w,v2((0,p),w) := —w + 1. We write L := {1,2}, Lo(w) := {¢ €
L|ve(w) = 0} and briefly denote vg(w) := v¢((0, p),w) (£ =1,2). Consequently, for
any critical point @, the Lagrange function reads

LP(0,p;w,7) = g((0,p);w) = Y veve(w).
LeLo(@)
We briefly write £LP (w, ) := LP (0, p;w, 7). Since 2 is compact, for any (o, p), local
(global) minimizer(s) of (16) exists. We analyze the three conditions in [29], of the
nondegeneracy of a critical point w of the lower level problem which establish the
reduction ansatz [8]. For any given (o, p) and @ € Q2 we note:

(1) LICQ: Vuy(w) (£ € Lo(w)) is a family with not more than one element
since an active vy can either be w or —w + 1 in the interval 0 < w <1 and
Vui(w) =1 and Vua(w) = —1 do not vanish respectively.

(2) Karush Kuhn-Tucker (KKT) condition with strictly positive Lagrange mul-
tipliers: There exists a multiplier 5 € R @) such that V,£P(©,75) = 0
and 77 > 0 (¢ € Lo(w)). We evaluate this subsequently. If we rewrite
9((o,p),w), it will have the following form:

MMMMWZU—ATMﬂMM®

l

=0 — Z k:(:zi,xj,w)y,-yj/ ajojdp(a / Za,dp
ij=1
Our Lagrange function is parametric in (o, p) and, fully, it looks as follows:

l

LP(w,7) —J—* Z k(xi,zj,w )ylyj/ a;adp(a /Zazdp Z Yeve(w).

t,j=1 LeLo (@)
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Let us find the conditions which satisfy the KKT condition with strictly
positive Lagrange multipliers, to ensure the nondegeneracy:

VolP(w,7) =VZ = Vu( > yevw)),
LeLo(@)
where, in this case, gradients are reals, and

l
1
Zi==53 k(xi,xj,w)yz'yj/ aiajdp(a),
ij=1 A

l
1
=VZ=—- g Vwk:(xi,:nj,w)yiyj/ a;adp(a).
2 ij=1 A

To closer illustrate this, let us take a Gaussian kernel, i.e., k(z;, zj,w) =

exp(—w ||z; — :erg), and denote

I(L € Lo(w)) = {(1) i i ; 52553

at some critical point w. Then, we get
l

1
VZ=3 > llzi — @13 exp(—w [l —$j||§)yz'yj/ agajdp(or)
A

ij=1
and
Vo | Y. wwelw) | =Z(1 € Lo(®@)) -1 = Z(2 € Lo(@)) - 72.
e Lo (@)
Now, we come back to our KKT conditions and evaluate
VZ = —I(l S Lo(@)) M +I(2 € LQ(@)) © Y. (17)

There are three cases to be discussed to find strictly positive Lagrange
multipliers as given below:
Case 1: If v;(w) =0, i.e., 1 € Lo(w), equation (17) will be

l
1
3 2 lloe =y Bexp(—w o — a3y [ aveydote) =
Q=1

l
m>0%& Z l|lxi — a:ngexp(—w ||x; — xng)yiyj /Aaiajdp(a) >0. (18)
ij=1
Case 2: If vo(w) =0, i.e., 2 € Ly(w), equation (17) will be
!

1 2 2
3 2 Nl =y expl—w = a3, | auasdi(@) = =2
ij=1
l

Y2 >0& Z ||z — a:j||§exp(—w ||x; — ijg)yiyj /Aaiajdp(a) <0. (19)
ij=1

Case 3: If Lo(w) = 0, the solution lies in the interior of the feasible
region and then the necessary condition for optimality is the same as for
unconstrained case: Vg((o, p),w) = 0. It leads to solve w from
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l
o — Zm-:l k(zi, x5, @)y, fA aodp(ar) + fA iy cudp(a) = 0.
For the following, we introduce

~1, if case 1 holds,
7 = < 72, if case 2 holds, (20)
0, if case 3 holds.

(3) Second Order Condition (SOC): With our value ¥ introduced it is fulfilled
nTV2LP (0, p;0,7)n >0, forall neTP@)\{0},

where TP (w) = {n € R | VIu(@)n =0 (£ € Lo(@)).

Let us find the tangent space 7P (@) for all cases, and evaluate (SOC) with
respect to them by the following cases. Here, we write EjD, ’Z';D (1=1,2,3)
according to those cases. (The same later on the dual case.)

Case 1: If v;(0) = 0, then 7,P (@) = {0}.

(SOC) 7" VZLY (@, 7)n >0 Vi€ TP(@)\ {0}
is fulfilled, since Vn € 0.

Case 2: If vo(w) = 0, then T,P(@) = {0}.

(SOC) 1 VZLEY (@,7)n >0y e T (@) \ {0}
is fulfilled since 7,7 (@) \ {0} = 0.

Case 3: Ly(w) =0 = TP (w) =R.

Then, the Lagrange function consists only of the objective function
g((o, p),w) which gives

‘C3D( )_U_ Z k xzaxja )yly]/ aza]dl) /Zaldp

3,j=1

(SOC) V2P (@) =

l 4 — 2
— 3% s — i exp (< w53 vy [y csedp(a) > 0.

(21)

Thus @ is nondegenerate if and only if the sign conditions (on the multipli-
ers) and, in case 3,

!
4 _
Sl = aylexp (< llas = ay13) iy [ cwcypl) <0

ij=1
are fulfilled.

We underline that this essentially depends on the data given. One of the important
differences between the dual and primal problem is that the dual problem (15)
reduces the dimension in the lower level from [ to 1. Observe that the infinitely
many inequality constraints of the dual problem depends on one-dimensional vari-
able w, whereas in the primal problem they depend on the [ dimensional variable c.
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Hence, working with dual problem is analytically more easy and computationally
more tractable. However, the interpretation of the classification function for SVM
is difficult if we solve (15) because of the the infinite dimension of nonlinear map-
ping ¢(z). For example, even when we have one kernel, in particular, a Gaussian
kernel,

k(xi,x) = ($(x3i), d(x5)) = exp(—w [|lz; — ;][3),

and w = ', aiyip(wi), it is difficult to interpret f(x) = (w, $(x)) + b since we do
not know the explicit form of ¢(x) and its dimension is infinite [7]. Because of these
reasons, we propose to solve the primal problem to use kernel function implicitly
without applying ¢(x) with primal variables a; in our probem.

3.3. Primal Problem

In this section, regularity conditions will be analyzed for the lower level of primal
problem given as follows:

maxgs 6 (0 €R, ﬁ isa positive measure on )

subject to 0 — [, T(w,@)df(w) <0 (a € A). (22)
The standard form of (22) can be easily written by
mingg (—0) (0 €R, B is a positive measure on () (23)

subject to Jo T( wadﬂ (w)—0=0 (aeA).

Using the language of bilevel programming of SIP, introduce the function
g((0 = o T(w,@)dB(w) — 6 which is parametric in (6, 3). We state the

Lower Level Problem (Primal): For a given (6, 3) we consider

min (0, 9), ) (24)

subject to «a € A.

We write the defining inequality constraint functions of A by v,.((6, 5), @) =: «;,
vs((6,0),a) =t —aj_s+C, wherer € {1,...,l} and s € {{+1,...,2l}, and equality
constraints by u((0, ), ) =: Zizl a;y;. Let us briefly denote v,-((0, 8), @) =: v, (),
vs((0,8), ) =: vs(a) and u((0, B),a) =: u(e), and Lo(@) := {€ € L|ve(a) =0},
where L := {1,2,...,2l}. Consequently, for any critical point &, the Lagrange
function reads

‘CP(97ﬁ; «, Ca’Y) = g((evﬁ)a Oé) - CU(O&) - Z ’Ylvf(a)'

LeLy(a@)

Let us shortly write £P(a,(,7y) := LP(0,5;,(,7). Since A is compact, for any
local (0, 3), (global) minimizer(s) of (24) exists. We analyze the conditions of the
nondegeneracy and reduction ansatz [8], at any such an a. For all (6, 3) and each
candidate & € A, we evaluate:

(1) LICQ: We have to check linear independence of Vu,(a), Vus(a) and
Vu(a), where € {1,...,l} and s € {l +1,...,2l} are active. In other
words, variables o € R! can satisfy either v, (o) = . or v4(a) = —ay_; +C.
The Jacobian of the (active) inequalites can be calculated simply as follows:
Vou.(a) = (0,...,0,1,0,...,0)" and Vus(a) = (0,...,0,—1,0,...,0)”. For
simplicity, we introduce A(«) as the vector of all active constraints, the
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equality constraint included:

A(a) = | Ve, O[) y where Lo(d) = {61,82, s 7&6}7 ’Lo(d)‘ = k.

| vg, (@) |
Then, the Jacobi matrix is a (k + 1) x [ matrix and looks as follows:

Yyr Y2 Yz -..ooen Yl
10 00 0O 0
00 01 00 0
00 0 O0...1 0

DA(@)=|.coiii i,
0 0-10 0 0...0

000 0-10...0

|00 0 0 0 0...—1]
where y; € {£1} (i = 1,2,...,]) and k = |Lo(@)|. On the right-
hand side, we took the example of one matrrix for illustration.

Observe that the matrix rank(DA(a)) =1 if | < k+ 1, which means that
LICQ condition is violated since rank of DA is smaller than the number of
rows (i.e., constraints involved). This shows linear dependence of the row
vectors, i.e., linear dependence of gradients of (active) constraints.

Let us geometrically analyze this condition in 2 dimensions, i.e., [ = 2. In
Figure 5, two different examples of nondegeneracy cases are given such that
at the origin and at the upper right corner, three active constraints meet and
these points (corners) are degenerate because of the linear dependencies.
At these points, we have three equations in two dimensions.

Let us introduce a sequence &, > 0 (v € Np) which is monotonically
decreasing to zero such that the inequalities —§, < 22:1 oy <&, are
requested. Regarding active inequality constraints as equality constraints
will lead to lines which do not pass through the origin and cannot produce a
corner. This is shown as two examples in Figure 5 and Figure 6. At the blue
points which are feasible points for our perturbed problem, the gradients of
active constraints are linearly independent. Thus, by decreasing &, to zero,
for non degeneracy, LICQ can be forced while perturbation.

Kuhn-Tucker condition with strictly positive Lagrange multipliers (for ac-
tive inequalities):
There has to exists a multiplier vector 5 € RILo(®)| such that
VaLF(0,8;0,(,7) =0and 5 >0 (£ € Lo(a)).
Let us consider all cases which make Lagrange multiplier strictly positive:

Case 1: Lo(a) # 0. If we rewrite g((0, 8), ), it has the following form:
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Figure 5. Active constraints, red dots are degenerate points, two examples.

i
x / Layi=&
C / FS |

3_

Figure 6. Active constraints with regular points in the perturbed problem, two examples.

9((6.0),0) = [ T(w,0)dB(w) - 6

Q

l
1
=3 Z Oéiajyi?/j/

K
ij=1 0 i=1

l

l
1
= 5 Z aiajyiijM - Zai — 0.
1,7=1 =1
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Here, we used a special condition of a probability measure G: fQ df(w) = 1.
Note that M; ; is constant with respect to o but dependent on (6, 3). If we
substitute g((0, 3), «) into the Lagrange function, we will get the following
representation

ﬁp (o, C,7) Z ooy M Zaz — 0 — Cu(a) — Z Yeve(a)

t,j=1 LeLo (@)

72a2y2MH— Zozlozjyzyj i Zaz—Q Cu(a) — Z ~Yeve(av).

i#£] LeLo(a)

In the second line, we assumed that our kernel function is a Gaussian kernel
which is k(x;, 2j,w) = exp(—w ||z; — %”3) For i = j, we get k(z;, x5, w) =
1.
To find KKT points (&, (,¥), we need to solve VoL” (a, (,v) = 0, which is
a system of linear equations in (¢, ) with

VQE?(a, ¢,7) = [351’(&,(,7) LT (alyy)  OLT () } (25)

80&1 ? (90{2 rrrty 80@

where for alli =1,...,1,

oL (o, ¢, 1 l ou(w Ovg(a

(90(2' 8042-
leLy (Oz)

Let us for the sake of simplicity assume that Lo(a) = {1,...,k}, renum-
bering the active inequalities otherwise. Then, from VL7 (a, (,7) = 0 we
get the following equations:

1 vy«
ayf — B > oy M —1=¢ ¢ (a)
o
l k
1 ou(a) 0vy(a)
2
a2y — 5 2 yiyMij =1 =C=5 ==+ E_l " Py
i#2 a
(26)
l k
1 ou(a) Ovy(a)
2 —
Y =5 - a;yiyiMi; — 1= CTO@ + ;_1 ’YZTOM-
3L -

The systems of equations (26) can be written in the matrix-vector multi-
plication form as follows:

Ju(a) 9 Oy, [ ¢ ]
Doy Dar Do ¢ Ay
ou(a) vy Oy, 71 A
8062 80&2 e 8062 /72 — 2 (27)
. . . . )
Ou(a) vy Ok : A
3041 aal e aal _f}/k’_
where A; = a;y? — % ayyiM;; —1 (0 = 1,...,1). If we solve

(27) restricted to y, > 0 (( =1,...,k), we can specify rank and condi-
tioning properties for « = & being a candidate of a locally optimal solution.
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Case 2: Lo(a) = 0, i.e., the equality constraint is the only active con-
straint. Our Lagrangian will take the following form:

£7D (o, Q) = Z ;oYY M; Zaz — 0 — Cu(a)

3,j=1

5 Z a2y2Mz i Z ala]yly] i,j Z a; — 0 — Cu )

i,j=1
i#]

Here, to illustrate the Case 2, we assumed that we have a Gaussian kernel
as in Case 1. Let us find ¢ € R which satisfies VL] (o, ¢) = 0, i.e.,

oL (@) (@) 95, Q]
oLl = |2 L, = 2
\Y 2 (OK, C) 6041 ) 8&2 ) ) 8041 :| 07 ( 8)
where aﬁgé‘j’C) = qy?M,;,; — %Zi# ajyiyiMi; — 1 — C—aggj) and M;; = 1

as in previous case.
If we expand (28), we get the following system of equations:

1 Ou(a
aryi — 3 Zajyiiji,j —1=¢ 8(511)’
i
1 Ou(o
aays — 3 Zajyiiji,j —-1= Cao(Q), (29)
J7#2
1 Ou(a
ayf — 5 Y gy M —1=¢ )
2 7 ooy

The above system of equations (29) can be written in matrix-vector multi-

plication form as follows:
Ou(a)

880(41) Al
86212 C _ : , (30)
3U'(04) Al
80&[
where 8352‘) = y;. Hence, (30) becomes the following linear system:
() Ay
Y2 A
=1 .1- (31)
(7 A

If we can solve (31), we can find the conditions for & = & to be the optimal
solution.

(3) Second Order Condition (SOC): With our value 7 introduced it is fulfilled:

nTV2LP (@,7)n >0 forall neTF(a)\ {0},
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where 77 (a) = {n e R' | VIu(a)n =0, VIvy(a)n =0 (I € Lo(a))}.
Now, let us find tangent space and conditions for SOC to be satisfied for
all cases:
Case 1: If Lo(a) # 0, then the tangent space of the form

TP (@) = {n € R |DA(a)n = 0}, with the condition (written a bit like
an example again)

Y1 Y2 Ys -« oov oo Yp n 0

100 0 0 0 0| | 0
000100 o™ 0

00 0O0..°1 0 : :

- (32)

0 0-10 00 0

00 0 0-10 0 :

00000 O0..—1 0
L . _’]’”_ LY

Here, Vuy(a) = (0,...,+1,0,...,0)T (I € Lo(a)) and k = |Lo(a)|. Equa-
tion (32) yields the following condition:

n =0, VreLy(a)n{l,... I}, (33)
ns =0, Vi+seLo(a)n{l+1,...,2l}, (34)
l
Zm’yi =0. (35)
i=1

!
From (33)-(35), it follows that Z yin; = 0.

=1
i, I+i¢Lo(a)

Let us note that V2L (a7, ¢) explicitly as follows:

LT (a,6y) LT (.67) 9*LT (a,6y)

820(1 80&160{2 e 80(18&1
LT (a,¢y) 9°LT (e,67) O?LT (,€)
Viﬁ?(% C7 7) _ 8a2‘8a1 020 . (9oc2.80q 7
PLY(a0) PLP(aly)  PLP(an)
doy 0oy Oaydars T 0%y
with
825?(0‘ ¢,7) 2
— L =2 =1>0, 36
P, Y; (36)
and
LT (o, ¢7) 1
AT T s M ; : 37
Gaiaj 23/23/] i,J (l # ])> ( )
and recall:

THEOREM 3.1 [6]. A symmetric n x n matrix M is positive definite (pos-
itive semi-definite) if and only if any one of the following conditions holds.

a) Every eigenvalue of M is positive (zero or positive).
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b) All the leading principal minors of M are positive (all the principal
minors of M are positive).

¢) There exists an n x n nonsingular matriz N (an n x n singular matriz
N or an m x m matriz N with m < n) such that M = NTN.

COROLLARY 3.2 [24]. If A = [a;;] is symmetric n x n strictly diagonally
dominant matriz with positive real diagonal entries, then A is positive def-
nite.

In particular, anyone of the conditions is given in Theorem 3.1 and
Corollary 3.2 is satisfied accordingly, then the Hessian to be positive
definite: n” V2 LT (a,(,7)n > 0 for all n € T,P(a) \ {0}, so that (SOC) is
satisfied.

Case 2: Lo(a) = (). Then,

TP (a) = {n e R'| V'u(a)y=0},
l
= {ne[Rl zyimzo} -

i=1
The Hessian is the same as in case 1, with the same entries (36) and (37);
and there are the same (SOC) conditions referring to 7,7 (alpha).

Under these assumptions, the following theorem assures the optimal solution
locally in a neighbourhood of the optimal solution on the lower level. It is an
extension of the results given in [8, 9], where now the parameter space is infinite
dimensional.

THEOREM 3.3 Let at some feasible point (0,3) of (14) the condition reduction
ansatz be satisfied. Then:

(a) The active index set is finite, in symbols: Ay = {a1,..., oy}, and there exist
neighbourhoods Ua,p) of (0,8) and Vi, of aj, and continuous mappings

a;: U — Vi 05(0.8) = and ~5: U — RIWOD 56, 5) = 7,

such that for every (0,8) € Ugp the value a;(6,8) is the unique local
minimizer of (24) in Vg, with corresponding Lagrange multiplier vector

Vj(evﬁ) (] = 1727-"aX)‘

(b) With the functions in (a) the following finite reduction holds: (0, 3) € Ugpn
F, where F is the feasible set of upper level problem (14), is a local solution of (14),

if and only if (0, 3) is a local solution of the so-called reduced problem

Pred(97 ﬁ) : min (_0>
(0.8)€Us,5) (38)
such that G;(0,5) = g((0,0),a;(6,8)) >0 (=1,...,x).

Remark 1 An analogous theorem holds for dual problem (15) with respect to dual
variables. We underline that by this theorem the reduced problem has (locally)
finitely many constraints. Then, our task becomes a finitely constrained optimiza-
tion problem locally around optimal solution. This insight is based on Implicit
Function Theorem (IFT) and the neighbourhood notion defined by the Prokhorov
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distance introduced below.

For very general versions of Inverse and, hence, Implicit Function Theorem, we
refer, e.g., to [11].

Let us start with some definitions which are necessary to define neighbourhood
in terms of measures, including the probability measures of our study.

DEFINITION 3.4 [18]. Let (X,T) be a Hausdorff topological space and let ¥ be a
o-algebra on X that contains the topology T (so that every open set is a measurable
set, and X is at least as fine as the Borel o-algebra on X ). A measure p defined
on X is called locally finite if, for every point p of the space X, there is an open
neighbourhood N, of p such that a measure p of N, is finite.

In more condensed notation, p is locally finite if and only if

Vp € X,3N, € T such that p € Ny, and |p(Np)| < +o0.

With the same assumptions, a meausure p on the measurable space (X,X) is
called inner reqular if, for every set A € X,

w(A) =sup{u(K)| K C A compact}.

This property is sometimes referred to in words as approximation from within by
compact sets.

After giving these definitions, we define a Radon measure and the distance metric
needed for neighbourhoods in Theorem 3.3:

DEFINITION 3.5 [14]. Let (E,d) be the metric space. A Radon measure is a measure
on the o-algebra of Borel sets of E that is locally finite and inner reqular.

We denote the set of Radon measure by H(F). In our problems, we look at the
subspaces of the all probability measures p for the dual problem (15), and g for
the primal problem (22).

DEFINITION 3.6 [14]. Let f; : E — R (i = 1,2,...,n) be continuous bounded
functions, f; € (H(E))', where (H(E))" is the dual space of H(E). A base of neigh-
bourhood can be defined as {i € H(E)|| [ fidp — [ fidu| <€ (i=1,2,....n)}.

In our problems, the elements in the dual space are pdfs. Now, to represent our
neighbourhood notion by a metric, let us define Prokhorov distance:

DEFINITION 3.7 [14]. Let (E,d) be a metric space, where dy is a Prokhorov distance
between any p, p € H(E) is defined by

do(j1, p) = inf {e > 0|u(A) < p(AJ) + ¢ and p(A) < p(A) + ¢ (AC E, closed)},

with Ae :== {z € El|d(z,A) < e}. Then, the §-open neighbourhood of p is defined
by Bs(p) :=={n € H(E)| do(p, ) < 6}

Remark 2 Definition 3.7 allows to define a neighbourhood of (o, p) in an appropri-
ate topological sense. By Theorem 3.3 and Definition 3.7 we specify the meaning
of reduction ansatz and of a local optimal solution, namely, in one of these neigh-
bourhoods.
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4. Different Parametrization Functions for Infinite Problem

Until now, we have assumed that paramaters (0, 3) and (o, p) are given for both
primal problem and dual problem. In this section, we will introduce and discuss
various parametrizations for our problems. We consider a positive measure 3 such
that fol dfB(w) = 1, and we select probability density functions (pdfs) f such that
f(w)dw takes the place of df(w). For example, the pdfs of a normal, exponential,
uniform, beta, or Poisson distribution [20].

Normal Distribution: This distribution is also called Gaussian distribution; it
is very approximate for modelling of various continuous random variables. The
sampling distribution of the sample mean is approximately normal, even if the
distribution of the population from which the sample is taken is not normal [20].
The pdf of a normal distribution is

Jw; (u, 02)) = O_m exp 202

where w, u, o0 € R.

For the multidimensional case, i.e., @ = (a1, as,...,q;)T, then the pdf becomes
o (1.5) (g (a— ) I (- )
a; (u, =——exp(—=(a— a—[)).
M (212 |E|1/2 Pi—35 K K

Exponential Distribution: This distribution is a class of continuous probability
distributions which is useful for modelling time between independent events of
constant average rate [20]. The pdf of an ezponential distribution looks as follows:

Aexp(—Aw), w =0,
f(“’;A):{o, P w < 0.

Since w € [0, 1] in our problem, f(w) = A exp(—Aw)dw, where A € R is a parameter
of rate. Of course, translations of the origin 0, e.g., delay, are possible.

Continuous Uniform Distribution: This is a family of probability distributions
such that for each member of the family, all intervals [a, b] of the same length on
the distribution’s support are equally probable. The pdf of a continuous uniform
distribution looks as follows:

1
. _ e aswsh
f(w,(a,b)) { O’ w<aorw>b.

Beta Distribution: The Beta distribution is a family of continuous probability
distributions defined on the interval [0,1] parameterized by two positive shape
parameters, typically denoted by a and (. (No confusion with the meaning of «
and 3 in our paper needs to be expected.) The pdf of a Beta distribution looks as
follows:

w1 - wﬁfl)

flw;(a,B)) = fol wafl(l _ w)ﬁfldw.
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5. Regularization of Infinite Programming Model with respect to Kernel
Coefficients

In the previous section, our classification problem became modelled with infinitely
many kernels by infinite programming. Infinity may cause ill-posedness which is
called overfitting in regression problems. Here, we consider classification problems
which needs to be regularized to penalize overfitting caused by infinity. This could
be the case if any positive multiple of a kernel is also a kernel [3]. Argyriou et al.
(2006) introduced a regularization term to prevent from overfitting of data by the
objective function [3]:

l
Zq y]? +)\HfHk7 (39)
J=1

where ¢(-,-) is a loss function and ||.|[, is the norm induced by reproducing Ker-
nel Hilbert space. Here, f is represented by a combination of kernels as f =
2221 k(zj,-), which is known as Representer Theorem [19], and the parameters ¢;
become optimized [3]. In our infinite kernel representation with Riemann-Stieltjes
integrals or positively defined measures, we need to find a penalization function in
terms of measures 5(w) (or p(«a)) since they represent our continuous convex coeffi-
cient for infinite kernel combinations. Motivated by the theory of inverse problems
[4, 23], this can be formulated as:

ming g (—6) + Asuprepo ) | % fi dB(w)| (10)
subject to [, T(w,a)df(w) —0 >0 («a € A),

where the second term in the objective function is the regularization term and A
is a regularization constant. With v = 1,2, we express that we take into account
and penalize first- or second-order derivatives which we can interprete as featness
and energy of our models, respectively.

Another formulation can be done by including the kernel combination kg derived,
e.g., by homotopy discussed in Section 3.1, as follows:

V

mm —1—/\2 sup dtu/tk(ggi’xj,w)dﬁ(w) (41)

te[0,1]

3,0=1

subject to / T(w,a)df(w) —0 >0 (acA),
Q

where A is a regularization parameter again.

Observe that our regularization function highly depends on parameter ((w)
and it usually needs to be twice continuously differentiable to be well-defined.
To weaken the need of differentiability, we replace the derivatives by first-
and second-order coefficient formulas, as offered in the example below, where
O=to<t1i <...<t, =1

Example: (dual case)
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e First-order difference quotient:

4! ) = o430~ Jy 4B)

dt Jo - tyi1 — by

tyia
zlty/t dPBw)  wefo1,....m—1}).

tV—|—1 -

e Second-order difference quotient:

d2 ¢ fttwrz dﬁ(w) _ 1 ‘]Zu+1 dﬁ(w)

1
t —t t —t
R dﬂ(w) ~ v+42 v+1 v+1 v+1 v
dt2 0 tu—i—l - tl/

(re{0,1,...,m—2}).

6. Conclusion and Future Study

The method we proposed in this study leads to the selection of kernels from an infi-
nite space which enabled us to enrich the learning process SVM through the range
interval [0, 1] of w. Hence, we are not limited to choose kernel parameter(s), Gaus-
sian kernels in our special case, as discrete values with a cross validation method,
but that depending on the examples given beforehand we can learn from data
through this infinite process. By reduction ansatz, an infinite problem is turned to a
locally finitely constrained problem, except of the fact that probability measures are
our main state variables. By focusing on measures which possess a Radon-Nikodym
density, we turn to a space of density functions [25]. By looking at parametric den-
sity functions, we get semi-infinite and, via reduction ansatz, a finitely constrained
program indeed. Besides of that ansatz, also discretization and exchange methods
will be analyzed and developed in future studies.

In this paper, the classification problem by SVM is modeled with infinitely
many kernels by infinite programming. The proposed dimension is infinite, and
it has infinitely many constraints which may cause ill-posedness. To overcome
this, we introduced the regularization term into the objective function where the
derivative of the regularization term is approximated by first- and second-order
difference quotients. This kind of problems can be useful for real-world data which
are heterogeneous, e.g., in bioinformatics and financial applications. The proposed
method is novel by its kernel definitions in Riemann-Stieltjes integral form. On
the other hand, our optimization problems are defined in probability measures
as the state variables, which are infinite in dimension. Here, the parametrization
is offered by positively defined measures via pdfs. We gave some examples of
distribution functions to be applied. Another novelty of the model is to use
Prokhorov distances between Radon measures to define neighbourhoods in the
state space. In the future, numerical treatments such as exchange methods and
gradient descent methods will be studied and presented.

Acknowledgment: The authors cordially thank the professors E. Anderson, U.
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