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Abstract. In this paper, we survey the usage of semidefipitggramming (SDP), and nonsmooth optimization
approaches for solving the minimum sum of squareblem which is of fundamental importance in clusig. We
point out that the main clustering idea of suppexttor clustering (SVC) method could be interpreasda minimum
sum of squares problem and explain the derivatibsemidefinite programming and a nonsmooth optitioza
formulation for the minimum sum of squares problewle compare the numerical results produced by the
semidefinite formulation of minimum sum of squaveth the results obtained from approaching it vansmooth
optimization on two datasets.
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1. Introduction

In recent years, methods of continuous optimizatiane shown to provide a conceptual
framework for problems in clustering and classiima that are related to th@inimum sum of
squares clusteringdMSSC) problem. Various approaches based nomsmooth optimization
(Bagirov, 2001; Bagirov, 2003; Bagirov, 2006) asémidefinite programmings well as the
associatedSDP and LP relaxation (Peng, 2005; Peng, 2007) were proposed and suattgssf
applied. In this article we demonstrate that thénmdea ofsupport vector clusteringSVC) can be
reformulated as a minimum sum of squares clustgrmglem so that SVC could be integrated in
this general frameworkVe present the reformulation of MSSC problem a®®& $roblem and its
relaxed linear and semidefinite forms. Then, weeflyisummarize the nonsmooth optimization
approach to MSSC. We compare the numerical repuitduced by SDP based algorithms with the
algorithm of modified k-means based on the nonsmoptimization approach.

2. Support Vector Clustering

The support vector clustering metho(Benhur, 2001) provides a powerful clustering
algorithm which is based on the support vector nmashapproach. In this method data points are
mapped by means of a Gaussian kernel to a highrdiowal feature space, where a minimal
enclosing sphere has to be determined. This spiwen mapped back to data space, can separate
into several components, each enclosing a sepahaséer of data points. In this paper, we are
interested in the following part of the algorithtiMinimizing the radius of the sphere in the feature

space which encloses the images of all the datagjoior this, we consider a sStz{ I $,}

of n given points; [ RY. Using ® = (®,...,P, ) for transformingS to some high dimensional
space]Rk, one looks for the smallest enclosshereof radiusR. This sphere can be defined by a
minimal number R>0 satisfying the constraintg ®(5) —c||§ <R? for i=1...,n, where
c=(c,...,¢) is the center of the sphere. Now, we define tis¢éadce of the image(s) in the

feature space from the center of the sphere at paicit s by d?(s) =| @(s) —c||§. The idea of
minimizing the radiusk of the sphere can be formulated as the optimiagtioblem



rgin R2
Cc
subject to z (CD (s))—c;j ) <R? forall i=1...,n

R=0

which can be restated as timnimum sum of squares problem
. n
min 3 |v; - c3. (SVC)
c i=1

Here, v; is the vector whosg -th element is equal t@;(s). In other words, the functiom is

used to map all the points in the input space toespoints in the so-called feature (kernel) space.
As a minimum sum of squares problem, (SVC) can tleed with the standardk - means
clustering which has to be performed in the kershce. In the next sections we provide a
conceptual framework for the minimum sum of squareblem.

3. Minimum Sum of Squared Distances

The minimum sum of squared distances clustering prolidetm partition then points of our
setS={ §,..., s} ORY into k clustersS; 0Z={S,,...,S} centered at; (j =1...,k) so that
the total sum of squared Euclidean distances frach @oints to its assigned cluster centroag
is minimized. The objective function of this minimtion problem is

f(S5)= z H ) ¢, H ,
j=1i=1

where S| is the number of points if§; such thatz'lﬁ:1|8j |=n,and q(j) is thei -thpoint of S;.

The classicalk - means algorithm (McQueen, 1967) handles the clusteriigaodata set by
minimizing the cost function in the form of squadidtances:

K-means Clustering Algorithm

(1) Choosek cluster centers randomly generated in a domaitagang all the points o5 .

(2) Assign each point to the closest cluster centerodmain ak - partitionof S.

(3) Recompute the cluster centers for this partition.

(4) If a convergence criterion is met or no more datiafs change the clusters, stop; otherwise go
to step 2.

Below, we mention some optimization models formaimum sum of squared distances clustering
problem:

Bi-level program: Find the centerg; of the clustersS; such that the sum of squared Euclidean
distances from each data point to its cluster oghts minimal:

min Zmln{||s1 cl||2, s —ck||§}.
Cpe .Gk =1



Mixed-integer program: Another way to model the minimum sum of squaredagices clustering
problem is based on the assignment makix X; [ERPXK defined byx; =1if § is assigned to
Sj and x; =0 otherwise. By rewriting the center of the clus&r as c; =z{‘:1>qjs|/z{‘:1>qj we
obtain theminimum sum of squares clustering problem

2
n
w5
subjectto 2 %j =1 (i=1...n), (MSSC)
j=1

n
> =1 (j=1... k),
<

% 00,8 (i=1,...mj=1...k)

This is a NP-hard mixed-integer optimization problevith discrete constraints and with a

nonlinear and nonconvex objective function. Funtihere, (MSSC) is a global optimization

problem with possibly many local minima. Most ofetimethods for “solving” (MSSC) are pure

heuristics that can only locate a “good” local $ioln (Peng, 2007). In the next section we show
that (MSSC) can be modelled by 0-1 SDP, which carfubther relaxed to polynomially solvable

linear programming and SDP by removing constraints.

4. Equivalence of Minimum Sum of Squared Distancesto 0-1 SDP

(MSSC) can be modelled by 0-1 SDP that takes thergéform

min Trace(WZ2)
subjectto Trace(B,Z) =b fori=1,...,m (0-1 SDRY)
2°=27,2=2"

where Z is the assignment matrix andf is an affinity matrix (Peng, 2007). For this weeus
Wg = (slT,...,sI)T and Z :[41-] =X X' )<)'1 X', After some calculations we obtain the 0-1 SDP
model for the minimum sum of squared distanceslprob

min Trace(WSWST (1-2))
subjectto Ze=e,Trace(Z) =k (0-1 SDRussc)
2202=2",2%=2

Here, we are interested in approximation methodsedbaon SDP and LP relaxations of
(0-1SDRmsscy which, typically, are considerably easier to sdiven the original problem.

5. Relaxations Based on SDP

We continue with some relaxations based on SDROr SDRussc). First we recall that in

(0-1 SDRussc) the argument is stipulated to be a projection matrix, .2 =Z, which implies
that the matrixZ is a positive semidefinite matrix whose eigenvalage either0 or 1 (Peng,

2005). A straightforward relaxation is replacing urequirementz2 =Z by the relaxed condition
| = Z=0.In (0-1 SDRussc) we further assume that all the entriesZofare nonnegative, and the
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sum of each row (or each column) &f equals tol. This implies that all the eigenvalues of are
always less tharl. Hence, the constraint = Z becomes unnecessary and can be dropped.
Therefore, we obtain the followin§DP relaxationfor a minimum sum of squared distances
problem (Peng, 2005):

min Trace(VVSWST(I -2))
subjecto Ze=e,Trace(Z) =k (0] —1SDI%)
220,220

We note that(O—lSDl% )is feasible and bounded from below. Furthermor@nynexisting
optimization procedures such as interior-point rodth can be successfully applied and an

approximate solution t@O—lSDF% gan be found in polynomial time (Peng, 2007).

Another relaxation to (0-1 SONRsc) can be obtained by dropping some constraints in

(O—1SDI%) (cf. Peng, 2005). For example, if we remove thenegative requirement on the
elements ofZ , then we obtain the relaxed SDP problem

min Trace(\NSWST (1 -2))
subjectto Ze=e,Trace(Z) =k (0] —1SDP§)
| =Z=0
which can equivalently stated as
min Trace(WSWST Z)
subjectto Ze=e,Trace(Z) =k (0] —1SDF€)
| =Z=0

and its solution can be found in (Peng, 2005).
6. Relaxations Based on LP

We can also state an LP relaxation for (0-1 &fd). Firstly, we observe that if bot§ and
sj, ands; and s belong to the same clusters, thgrand 5, are also lying in the same cluster. In
this situation, from the definiton of the matrixZ we can conclude that
Zij :ij =Zik = Z; :ij =Zyk- Such a relationship can be partially characterizsd the
inequality Zj +Zy <Z +Zj,. Correspondingly, we can define a metric polyhedron
MET ={Z|Z =[z] : zj < Z;j, z; +Zk < 7 +Zjx} and we obtain the relaxation (Peng, 2005)

min Trace WsWe (1 -2))

subjectto Ze=¢ Trace (Z)= k 0-1SD
Ze =S ( i)
ZOMET.

7. Nonsmooth Optimization Approach for Minimum Sum of Squar es

The problem (MSSC) can be reformulated as a clmstgroblem in terms of unconstrained
nonsmooth and nonconvex optimization (Bock, 197agiBv, 2001) as follows:

min f(e....6) (@ G)OIRY¥), (CP)
4



where

f(q,..,Ck) :% élj:rmr?kus —Cj Hi

(CP) contains only continuous real variables but the integer coefficientsg;, whereas the
problem (MSSC) reveals both integer and continu@rgbles. If the number of clusters is greater
than one, i.e.,k>1, then the objective function of (CP) is non-convexd nonsmooth. This

problem becomekarge-scaleif the numberk of clusters and the number of attributes are large.
We also emphasize that the nhonsmooth form of tlectibe function in (CP) makes it possible to
accelerate the calculation of the objective funtsanificantly by reducing the number of records
in a data set. Some algorithms developed by impgW& - means algorithm to overcome the
difficulties in choosing the proper initial partiti and in finding the global minimum are studied in
(Bagirov, 2006; Bagirov, 2003; Bagirov, 2001).

8. Numerical Results

To compare the algorithms for the minimum sum afasgs problem, we used one small size
dataset and one medium sized dataset from UCI Madtearning Repository (Asuncion, 2007).

) Soybean data (small) [47 instances, 35 normalized attributes, 4 clg$tén (Peng, 2005) the
numerical results obtained from the SDP approacmitimum sum of squares with a LP
reIaxation(O—lSDFfp) is given. In Table 1 we compare them with the resméisobtained
with the modifiedk-meansalgorithm which solves a nonsmooth optimization subprolitegm
calculating the starting point for tHeth cluster center (Bagirov, 2003).

Table 1. Results from the algorithm based on LP relaxation ofSB# reformulation of
k-meansand the modifiedk-meansalgorithm for Soybean data (small).

LP relaxation Modifiek-means
k | Value of the Objective CPU time| Value of the Objective CPU time
2 404.4593 4.26 434.11081081 0.000
3 215.2593 1.51 240.45925926 0.000
4 205.9637 1.68 214.60000000 0.016

) Spam E-mail Database [4601 instances, 57 features, 2 clusters]: In Tablee2compare the
results of the approximate algorithm developed in (Pe@@72for solving(0-1SDF%,) and

the modified k - means algorithm (i.e. via nonsmooth optimization) for the Spamdit
Database.

Table 2. Results from the algorithm based on LP relaxation ofSB® reformulation of
k-meansand the modifieck- mearalgorithm for the Spam E-mail database.

SDP relaxation Modifie#t-means
k | Value of the Objective CPU time| Value of the Objective CPU time
2 9.43479784e+08 0 9.43479784e+08 58.9p2

The results obtained from LP and SDP relations of (DRyxssc) match with the global optimums
for both data sets. Modified k-means method alsosfitieé optimal result for Spam E-mail data.
For Soybeans data, modified k-means algorithm becomeercto the optimal solution as the
number of clusters increases with a better CPU time tiariP relaxation. Probably for larger
number of clusters, the modified k-means algorithm wileddetter results than those obtained by



LP relaxation. It should be noted that the number oéllaninimizers increases drastically as the
number of clusters increases. In such situations, agtax methods are not efficient.

9. Conclusions and Outlook

In this paper, we reformulated SVC as a minimum sunsdfares problem and then
explained 0-1 SDP model of the classical minimum sum ofregudistances problem. This
approach to SVC is quite new and the framework followetthis paper can be employed in solving
other clustering problems. The LP and SDP relaxatiorishamlie stated for solvindc-meanstype

clustering problems can be used to attack the 0-1 SEPshWw that the nonsmooth optimization
approach to minimum sum of squares is also quite promi@ggcombining k-means with a

nonsmooth optimization subproblem, we see that this fieddk-meansmethod is able to find the

optimal result or a good approximation to it. We point out 8\4€C allows a representation in form
of the more general conic optimization and the newly introdisstesemidefinite optimization
(Eichfelder, 2007) that is offering a further interestavgnue for (approximative) problem solution
which has to be investigated in future work. The reseafchis paper is an element in our efforts
on data mining (Akteke-Ozturk, 2007; Weber, 2007),.,efpr quality improvement in
manufacturing. Indeed, our future studies will encomgdisstering, classification and regression
by the use of continuous optimization and computationabttai
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