
Coherent Bayesian Inference Analysis of parameters Mo del generation Example Practice

Analysis of the Regression Mo del
Parameters

Vadim STRIJOV

Computing Center of the
RussianAcademy of Sciences

Ankara, October 08, 2009
Institute of AppliedMathematics,METU



Coherent Bayesian Inference Analysis of parameters Mo del generation Example Practice

William of Ockham, 1285-1349

Ventia non sunt multiplicanda praeternecessitatem:

Occam'srazor: entities (model elements)
must not be multiplied beyond necessity.
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Coherent Bayesian Inference

CoherentBayesianInferenceis a method of the model comparison.
This method usesBayesianinferencetwo times:

1 to estimatethe posterior probability of the model itself and
2 to estimatethe posterior probability of the model parameters.
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Bayesian Comparison

Considera �nite set of modelsf1; : : : ; fM that �t the data D.
Denoteprior probability of i -th model by P(fi ). After the data have
come,the posterior probability of the model

P(fi jD) =
P(Djfi )P(fi )

P M
j =1 P(Djfj )P(fj )

:

The probability P(Djfi ) of data D, givenmodel fi is calledthe
evidenceof the model fi .
Sincethe denominator for all modelsfrom the set is the same,

P(D) =
nX

j =1

P(Djfj )P(fj );

then
P(fi jD)
P(fj jD)

=
P(fi )P(Djfi )
P(fj )P(Djfj )

:

Assumethe prior probabilitiesto be equal,P(fi ) = P(fj ).
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The Occam's razor

If f2 � is more complexmodel, then its distribution P(Djf2) has
smallervalues(variancehasgreatervalues).If the errors of both
modelsare equal,then the simplemodel f1 is more probablethan
the complexmodel f2.
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A toy example of evidence computation

Let therebe giventhe seriesf� 1; 3; 7; 1g: Onemust to forecastthe
next two elements.
The model fa:

xi +1 = xi + 4

givesthe next elements15; 19.
The model fc :

xi +1 = �
x3

i

11
+

9x2
i

11
+

23
11

givesthe next elements� 19:9; 1043:8.

Let the prior probabilitiesbe equalor comparable.
Let eachparameterof the modelsis in the set

f� 50; : : : ; 0; : : : ; 50g:
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A toy example, continued

The parameters(n = 4; x1 = � 1) brings the proper model with
zero-error.
The evidenceof the model fa is

P(Djfa) =
1

101
1

101
= 0:00010:

Let the denominators of the secondmodelsare in the set
f 0; : : : ; 50g:
Take accountof c = � 1=11 = � 2=22 = � 3=33 = � 4=44:
The evidenceof the model fc is

P(Djfc) =
�

1
101

� �
4

101
1
50

� �
4

101
1
50

� �
2

101
1
50

�
= 2:5 � 10� 12:

The result of the model comparison is

P(Djfa)
P(Djfc)

=
0:00010

2:5� 10� 12 :
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The 1st level of the inference

At the �rst levelonemust to estimatethe model parametersw,
givendata D,

P(wjD; fi ) =
P(Djw; fi )P(wjfi )

P(Djfi )
:

The model evidenceP(Djfi ) is not consideredat this level.
To estimateparameters,approximate logarithm of the posterior
distribution of P(wjD; fi ) by Taylor power series,

P(wjD; fi )� P(wMP jD; fi ) exp(�
1
2

� wT A� w)) ;

where� w = w � wMP .
Herethe matrix A is the covariancematrix at the neighborhood
of wMP .
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The 2nd level of the inference

The secondlevelof the Bayesianinferencede�nes what the model
is more adequatefor the givendata. The posterior probability
of i -th model is givenby

P(fi jD)/ P(Djfi )P(fi ):

HereP(Djfi ) is the evidenceof the model and the denominator at
the 1st level:

P(Djfi ) =
Z

P(Djw; fi )P(wjfi )dw:

Assumethe distribution P(wjD; fi )/ P(Djw; fi )P(wjfi ) hasa peak
at wMP . According to the Laplaceapproximation,

P(Djfi ) � P(DjwMP ; fi )P(wMP jfi ) � � wjD ;

evidence� maximumlikelihood � Occamfactor.



Coherent Bayesian Inference Analysis of parameters Mo del generation Example Practice

Occam factor

The Occamfactor is givenby the varianceof the model parameters.
The variable � wjD dependson the posterior distribution of the
parametersw.
The Occamfactor shows the "compression"ofthe parameterspace
whenthe data havecome.
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An example of the method
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The process of the model construction
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Let there be given

The samples:

f x1; :::; xN jx 2 RPg the independentvariables,

f y1; :::; yN jy 2 Rg the correspondingdependedvariables.

Denoteby D the sampleset f (xn; yn)g.

The primitive functions:

G = f gjg : R � ::: � R � ! Rg parametric functions,

g = g(b; �; �; :::; �).

G de�nes the set of admissiblesuperpositionsF = f fi g
inductivelyby its elementsg.

fi = fi (w; x);

wherew = b1
...b2

...:::
...br .
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A regression model of the optimal structure is to be found

y = fi (w; x) + �

Onemust �nd a model fi 2 F , which brings the maximum
to the target function p(wjD; � ; � ; fi ),

fi 2 F � the set of competitive models,

w � model parameters,

D � sampleset (data),

� ; � � regularization parameters.
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Target function

Given� � N (0; 1
� 2 ) doesnot dependon x (homoscedacity),

p(yjx; w; � ; f ) � p(Djw; � ; f ) =
exp(� � ED )

ZD (� )
;

ED = 1
2

P N
n=1 (f (xn) � yn)2 ; ZD (� ) =

�
2�
�

� N
2 :

GivenA � diagonalcovariancematrix of the model parametersw,

p(wjA; f ) =
exp(� Ew)

Zw(A)
;

Ew = 1
2wT Aw; Zw(A) = (2� )

W
2 jAj

1
2 :

The diagonalof the covariancematrix A is � 1; � 2; : : : ; � W . Each
hyperparametercorrespondsto its own parameter.
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Error function and hyperparameters

According to the Bayesianrule, the target function

p(wjD; A; � ; f ) =
p(Djw; � ; f )p(wjA; f )

p(DjA; � ; f )
;

the error function

S(wjA; � ) =
1
2

wT Aw + � ED ;

and
p(wjD; A; � ; f ) / exp(� S(w)) :
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How to estimate the hyperparameters?

Maximizethe model evidencep(DjA; � ) according to A and �

p(DjA; � ) =
Z

p(Djw; A; � )p(wjA)dw ! max:

Usethe Laplaceapproximation,

p(DjA; � ) =
1

Zw(A)
1

ZD (� )

Z
exp(� S(w))dw:

SubstituteZw(A), ZD (� ) and S(w) and �nd the logarithm of it:

p(DjA; � ) =
1

Zw(A)
1

ZD (� )
exp(� S(w0))(2 � )

W
2 jHj �

1
2 :

ln p(D j A; � ) = �
W

2
ln 2� �

1

2
ln j Aj

| {z }

Z � 1
w (A)

�
N

2
ln 2� +

N

2
ln �

| {z }

Z � 1
D (� )

� S(w0) +
W

2
ln 2� �

1

2
ln j Hj

| {z }
ZS

=

= �
1

2
ln j Aj �

N

2
ln 2� +

N

2
ln � � � ED � Ew

| {z }
� S(w0)

�
1

2
ln j Hj :
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How to estimate the hyperparameters?

As the result of the evidencemaximizationwe obtain

2� j E0
w = W � 
 j ; where 
 j =

� j

� j + � j

and

2� E0
D = N �

WX

j =1


 j :

Estimatethe hyperparameters� and � i iteratively,

� new
j =

W � 
 j

2E0
w

; � new =

N �
WP

j =1

 j

2E0
D

:
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Parameter optimization

The model generationalgorithm containsthree stepsand runs
iteratively.

1. Optimizeparametersand hyperparametersof everymodel
from the generatedset F = f f1; : : : ; fM g:

wMP
i = argmin

w
S(wjD; A; � ; fi ):
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Element exchange

2. Exchangeelementsof two models:
1 selectrandomlya pair of model indexesi ; j 2 f 1; : : : ; Mg,
2 selectfrom the modelsfi and fj the elementsgik and gjl ,
3 createnew modelsf 0

i è f 0
j .

K

K

linear

plus2

t

linear

times2

K

arctan

parabola

K

linear

times2

t

sqrt

frac2
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Element modi�cation

3. Modify elementsof the newmodelsf f 0
i g:

1 selecta model elementgik from the model fi ,
2 selectfrom set G an elementgs (it must havethe same

number of argumentsas gik ),
3 gik changethe model elementgik for the primitive gs.

K
arctan

parabola
K

linear
times2

t
sqrt

frac2
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Think of a model

Let it be y = f (w; x) = sin(x1) � sin(w1x2 + w2).
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Given data

The correspondedsampleset is shown; it has380 samples.
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Given primitive functions

Function Description Parameters
g(b; x1; x2)

plus y = x1 + x2 �
times y = x1x2 �

g(b; x1)
divide y = 1=x �
multiply y = ax a
add y = x + a a

normal y = �p
2� �

exp
�

� (x� � )2

2� 2

�
+ a �; � ; � ; a

linear y = ax + b a; b
parabolic y = ax2 + bx + c a; b; c
sin y = sin(x) �
logsig y = �

1+exp( � � (x� � )) + a �; � ; � ; a
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Set of the generated models

Let the generatedmodelsF = f fi g be a set
of admissiblesuperpositions

of the primitive functionsG = f gg.
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Expert information

Experts assignthe initial models

f1 : y = linear (x1),
f2 : y = normal(x2).

And the initial conditions

1 the model complexity:�
number of primitives in a superposition g no more than 8,
number of parametersw no more than 10;

2 the target function is sumof squared errors, SSE.
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Competitive models

Givendata
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Competitive models

normal(w1:3,x2)

x2

normal
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Competitive models

plus2(; ,times2(; ,plus2(; ,x2,x1),linear(w1:2,x1)),linear(w3:4,x2))

x2 x1

plus2

x1

linear

times2

x2

linear

plus2
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Competitive models

times2(; ,times2(; ,plus2(; ,x2,linear(w1:2,x1)),linear(w3:4,x1)),x2)

x2

x1

linear

plus2

x1

linear

times2 x2

times2
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Competitive models

times2(; ,times2(; ,plus2(; ,parabola(w1:3,x2),x2),sin(; ,x1)),sin(; ,x1))

x2

parabola x2

plus2

x1

sin

times2

x1

sin

times2
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Competitive models

times2(; ,plus2(; ,linear(w1:2,x1),sin(; ,x2)),sin(; ,x1))

x1

linear

x2

sin

plus2

x1

sin

times2
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Competitive models

times2(; ,plus2(; ,parabola(w1:3,parabola(w4:6,x2)),sin(; ,x1)),sin(; ,x1))

x2

parabola

parabola

x1

sin

plus2

x1

sin

times2
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Competitive models

times2(; ,plus2(; ,plus(w1,linear(w2:3,x1)),linear(w4:5,x2)),sin(; ,sin(; ,x1)))

x1

linear

plus

x2

linear

plus2

x1

sin

sin

times2
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Competitive models

times2(; ,parabola(w1:3,linear(w4:5,x2)),linear(w6:7,sin(; ,x1)))

x2

linear

parabola

x1

sin

linear

times2
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Competitive models

times2(; ,plus2(; ,parabola(w1:3,x2),sin(; ,x2)),sin(; ,x1))

x2

parabola

x2

sin

plus2

x1

sin

times2
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Competitive models

times2(; ,sin(; ,linear(w1:2,x2)),sin(; ,x1))

x2

linear

sin

x1

sin

times2
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Practical example: automotive

�0.8 �0.6 �0.4 �0.2 0 0.2 0.4 0.6 0.8 1
0
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0.6
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0.9

1

x

y

measure data
regression

The pressurein the combustingcameraof the dieselengine:
x � crankshaft rotation angle, normalized,
y � pressure,normalized,
the data set contain 4000 samples.
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The selected models

Model 1 Model 2 Model 3

x

h

x

h

x

h

+

x

h

+

+

x

h

x

h

+

x

h

+ x

+

x

l

�

�

x

h

x

c

�

x

h

+ x

�

x

h

+

Legend:h � gaussiany = � (2� � � 1=2)exp(� (x � � )2(2� � 2) + a),
c � cubic y = ax3 + bx2 + cx + d, l � linear y = ax + b.

f2 = g1(g2(g3(g4(g5(x); g6(x)) ; g7(x)) ; x); g8(x)) :

The full representationof the Model 2 is

y = (ax + b) � 1

 

x +
3X

i =1

� ip
2� � i

exp
�

�
(x � � i )2

2� 2
i

�
+ ai

!

:
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Conclusion

Hyperparametersdependon the varianceof model parameters.

If the varianceis large the model parameterand corresponded
elementcouldbe eliminated.

Outline

Algorithms of inductivemodel generationuseexpert-de�ned
set of primitives,speciallydesignedfor an application.

Experts couldexplainobtainedmodelsin termsof the
application.

Initial expert modelscouldbe advancedby the model
generationalgorithms.
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