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Coherent Bayesian Inference

William of Ockham, 1285-1349

Ventia non sunt multiplicanda praeternecessitatem
f . N

Occam'sraza: entities (model elements)
must not be multiplied beyond necessit



Coherent Bayesian Inference

Coherent Bayesian Inference

CoherentBayesianinferenceis a method of the model compaison.
This methad usesBayesianinferencetwo times:

@ to estimatethe posteria probability of the model itself and
@ to estimatethe posteria probability of the model parameters.



Coherent Bayesian Inference

Bayesian Comparison

Denoteprior probability of i-th model by P(f;). After the data have
come,the posteria probability of the model

P(Djfi)P(fi)

i) P(Djf))P(f))

The probability P(Djf;) of data D, givenmaodelf; is calledthe

evidenceof the model f.
Sincethe denominato for all modelsfrom the setis the same,

X1 -
P(D) = P(Djfj)P(f);
j=1

P(fiiD) = P

then
P(fijD) _ P(fi)P(Djfi)

P(fjD) ~ P(f)P(Djf})’
Assumethe prior probabilitiesto be equal,P(fi) = P(f;).




Coherent Bayesian Inference

The Occam's razor

If f,  is mare complexmodel, then its distribution P(Djf;) has
smallervalues(variancehasgreatervalues).If the erras of both

modelsare equal,then the simplemodel f; is mare probablethan
the complexmodel f5.

4 Evidence

P(DIf))
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P(DIf)




Coherent Bayesian Inference

A toy example of evidence computation

Let there be giventhe seriesf 1; 3;7; 1g: Onemust to forecastthe
next two elements.
The model f5:
Xitv1 = X + 4
givesthe next elementsl5; 19.
The model f.:
_ox® . ox? 23

A TR T T

givesthe next elements 19:9;10438.

Let the prior probabilitiesbe equalor compaable.
Let eachparameterof the modelsis in the set

f 50;:::;0;:::;50g:



Coherent Bayesian Inference

A toy example, continued

The paameters(n = 4;x; = 1) bringsthe proper model with
Zero-erro.
The evidenceof the model f, is

) 1 1 .
P(Djfy) = 101101~ 0:00010
Let the denominateos of the secondmodelsare in the set

Take accountof c = 1=11= 2=22= 3=33= 444
The evidenceof the model f. is
. 1 4 1 4 1 21
P(Dif) = 151  1oiso Toiso 1Toisg - 25 10 12,
The result of the model compaisonis
P(Djfa) _ 0:00010
P(Djfc) 25 10 12




Coherent Bayesian Inference

The 1% level of the inference

At the rst levelonemustto estimatethe model parametersw,
givendata D,
P(Djw; fi) P(wijfi) .

P(Djfi)

P(wjD;f;) =

The model evidenceP (Dijf;) is not consideredht this level.
To estimateparameters,apgoximate logaithm of the posteria
distribution of P(wjD; f;) by Taylor power series,

. . 1
P(w|D;f) P(wwpiDif)exp( 5 w'A w));
where w=w Wyp.

Herethe matrix A is the covaiancematrix at the neightorhood
of Wyp .



Coherent Bayesian Inference

The 2" level of the inference

The secondevelof the Bayesianinferencede nes what the model
is mare adequatefor the givendata. The posteria probability
of i-th modelis givenby

P(fijD)/ P(Djfi)P(fi):

HereP(Djf;) is the evidenceof the model and the denominato at

the 1stlevel:
Z

P(Difi) = P(Djw;fi)P(wijfi)dw:

Assumethe distribution P(wjD; f;)/ P(Djw;fi)P(wjf;) hasa peak
at wyp . Accading to the Laplaceapproximation,
P(Djfi) P(Djwwmp;fi)P(Wmpifi)  wip;

evidence maximumlikelihood Occamfactor.



Coherent Bayesian Inference

Occam factor

P(w|D,f)
P(wlf) nilgh
(e 1
(o} et -
v ) _

The Occamfactar is givenby the varianceof the model parameters.
The vaiable ,;p dependson the posteria distribution of the

paametersw.
The Occamfactar shawvs the "compression"ofthe parameterspace
whenthe data havecome.



Coherent Bayesian Inference
An example of the method

A

N

P(DIf))

rog) i
W P(w| Df}) P(w\D,fz)'«i"""’ L (WID.f))

)

P(wIf)
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Analysis of parameters

The processof the model construction

Get data
Assign initial models
Assign primitive functions
Assign admissible superpositions

—» Tune models

Evaluate hyperparameters

\ Estimate quality of models

Select models
Modify superpositions

\ Use primitive functions

Generate new models




Analysis of parameters

Let there be given

The samples:
fx1;::Xnjx 2 RP g the independentvariables,
fy1;: YNy 2 Rg the corespndingdependedvariables.
Denoteby D the samplesetf (Xn; yn)0.

The primitive functions:
G=1fgjg:R :: R ! Rgpaametricfunctions,
g=g(b;; ;).
G de nesthe set of admissiblesuperpositionsF = ff;g
inductivelyby its elementsgy.
fi = fi(w;X);

wherew = by:byiiby.



Analysis of parameters

A regression model of the optimal structure is to be found

y = fi(w;x) +

Onemust nd a modelf; 2 F, which bringsthe maximum
to the target function p(wjD; ; ;fi),

fi 2 F  the setof competitive models,
w  model paameters,
D sampleset (data),

; regulaization parameters.



Analysis of parameters

Target function

Given N (0; %) doesnot depend on x (homoscedaci),

plyix;w; ;f) p(Djw; ;f)= ‘9><I;(D(')5t>);

(NP

Eo= 1 N () Y2 Zo()= 2

GivenA  diagonalcovaiancematrix of the model parametersw,

: exp( Ew)
wWjA f) = ——=;
P(WJA; f) Zu ™)
— 10T Aw- — N
Ew = 5w’ Aw; Zw(A) = (2 )2 jAj2:
The diagonalof the covaiancematrix Ais 1; 2;:::; w. Each

hyperpaametercarespndsto its own paameter.



Analysis of parameters

Error function and hyperparameters

Accading to the Bayesianrule, the target function

_ P(Djw; ;f)p(WjA;f) .
p(DjA; ;f)

p(wjD; A; ;f)
the erra function
S(WjA; ) = %WTAW+ Ep;

and
p(wjD;A; )/ exp( S(w)):



Analysis of parameters

How to estimate the hyperparameters?

Maximizethe model evzidencep(DjA; ) accadingto A and
p(DjA; )= p(Djw;A; )p(wjA)dw ! max:

Usethe Laplaceappoximation,

1 1
DIA; )= —————— exp S(w))dw:
PIDIA; )= 5oy e S(w)
Substitute Zy(A), Zp( ) and S(w) and nd the logaithm of it:
w 1
DIA; )= ——— exp( S(wo))(2 )=2jHj 2:
PIDIA; ) = 5= 5=y &P SWo)(@ ) 2iH
) w 1 N N W 1
Inp(DjA; )= ?Inz —InjAj EIn2 +Eln IS(wo)+ ?Inz EIn]H]:
| {z } { } { }
2y ') 25t Zs
= —1InjAj —In2 + —In E — InjHj



Analysis of parameters

How to estimate the hyperparameters?

As the result of the evidencemaximizationwe obtain

2jEV(\),:W i where i= J

and

Estimatethe hyperpaameters and ; iteratively

2
N j
new — w i. new — =1

! 2EQ 2ES



Mo del generation

Parameter optimization

The model generationalgaithm containsthree stepsand runs
iteratively

1. Optimize parametersand hyperperametersof everymodel

wMP = = agminS(wWjD; A; ;fi):



Mo del generation

Element exchange

2. Exchangeelementsof two models:

@ selectfrom the modelsf; andf; the elementsgy and g,
© createnewmodelsf? e f°.

times2 frac2
plus2 linea fimes2z  sqrt
K Iir;éa t paabolainea t
K arctan K

K



Mo del generation

Element modi cation

3. Modify elementsof the new modelsf f,%:
@ selecta model elementgy from the model f;,
@ selectfrom set G an elementgs (it must havethe same
number of argumentsas gix),
© gk changethe model elementgy for the primitive gs.

frac2
times2  sqrt
parabolalinea t
arctan K

K



Example

Think of a model

Letit bey = f(w;x) = sin(x1) sin(wixz + Wy).

Wis!
SN

&
NS




Example

Given data

The carespndedsamplesetis shavn; it has380 samples.




Example

Given primitive functions

Function Description Parameters

9(b; x1; %2)
plus y=X+ X
times Y = X1Xo

g(b;x1)

divide y = 1=x
multiply y = ax a
add y=x+a a
normal y = p=—exp (Xz 2)2 +a ; ; ;a
linea y=ax+hb ab
paabolic y = ax?+ bx+ ¢ ab;c
sin y = sin(x)

logsig Y= Tepr Ty T @ - |



Example

Set of the generated models

Let the generatedmodelsF = ffig be a set
of admissiblesuperpositions
of the primitive functionsG = fgg.



Example

Expert information

Experts assignthe initial models

fi 1y = linea (xy),
fo 1y = namal(xy).

And the initial conditions

© the model complexiy:
number of primitivesin a superpositiong no more than 8,
number of parametersw no mare than 10;

@ the target function is sum of squaed erras, SSE.



Example

Competitive models

Givendata




Example

Competitive models

normal(wi:z,x2)

normal
X2




Example

Competitive models

plus2( ,times2( ,plus2{ ,X2,x1),linea(wi:2,x1)),linear(ws.4,%2))

times2 linea
plus2  linea X2

X2 X1 X1




Example

Competitive models

times2( ,times2( ,plus2( ,x2,linea(wi.2,X1)),linear(ws.4,X1)), X2)

times2
times2 X2



Example

Competitive models

times2( ,times2( ,plus2( ,parabola(w;-3,%2),X%2),sin(; ,X1)),sin(; ,x1))

times2

paabola X2 X1

X2



Example

Competitive models

times2( ,plus2( linea(wsi:2,x1),sin(; ,x2)),sin(; ,x1))



Example

Competitive models

times2( ,plus2( ,parabola(wy.3,parabola(wy.g,x2)),sin(; ,x1)),sin(; ,X1))

times2
p|u32 sin

parabola sin X1
parabola *1

X2



Example

Competitive models

times2( ,plus2( ,plusfvy linea(wy.3,x1)),linear(wa:s,x2)),sin(; ,sin( ,x1)))

plus2 sin

plus linea sin

linea X2 X1

X1



Example

Competitive models

times2( ,parabola(wy.3,linea(wy:s,x2)),linear(we:7,sin(; ,x1)))

parabolalinea
linea  Sin
X2 X1



Example

Competitive models

times2( ,plus2( ,parabola(wi:3,%2),sin(; ,X2)),sin(; ,x1))

times2
p|u32 sin

parabola sin X1

Xo X2



Example

Competitive models

times2( ,sin(; linea(wi:2,x2)),sin(; ,x1))

times2
sin sin
linea X1

X2



Practice

Practical example: automotive

measure datal
— — —regression

T L L L
0.8 0.6 0.4 0.2 0

The pressurdn the combustingcameraof the dieselengine:

x  crankshaftrotation angle, normalized,
y  pressure,normalized,
the data set contain 4000 samples.



Practice

The selected models

+. +
. -
X+ h + X | + X X
h h X + h X h
X X h h X hc X
X X X X
Legend:h gaussiany = (2 expl (x )32 ?)+ a),
¢ cubicy=ax+ bx*+cx+d,| lineary=ax+b.

f2 = 91(92(93(94(95(X); gs(X)) ; 97(X)) 5 X); 98(X)):

The full representationof the Model 2 is

x3 .
y=(ax+b) 1 x+ p%—exp
i=1 i



Practice

Conclusion

@ Hyperpaametersdepend on the varianceof model parameters.

o If the varianceis large the model parameterand carespnded
elementcould be eliminated.

Outline

@ Algarithms of inductive model generationuseexpert-de ned
set of primitives, speciallydesignedor an application.

@ Experts could explainobtainedmodelsin terms of the
application.

@ Initial expert modelscould be advancedoy the model
generationalgaithms.
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