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Abstract

In this paper we study properties of the interval Shapley value on
the class of size monotonic interval games, and axiomatically charac-
terize its restriction to a special subclass of cooperative interval games
by using the properties of additivity, efficiency, symmetry and dummy
player.
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1 Introduction

The Shapley value (Shapley (1953)) is one of the most interesting solution
concepts in cooperative game theory. Inspired by some equivalent formu-
lations of it, we focus on the restriction of the interval Shapley value to a
subclass of cooperative interval games and give an axiomatization on this
subclass. Interval games in the subclass we consider arise from several eco-
nomic and Operations Research situations with interval data. For example
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peer group games (Branzei, Mallozzi and Tijs (2008)) are useful in model-
ing sequencial production situations, auctions and flow situations. A similar
subclass of interval games arises from airport situations with interval data
(Alparslan Gok, Branzei and Tijs (2009)), and the interval Shapley value of
an airport interval game coincides with the interval Baker-Thompson alloca-
tion.

The paper is organized as follows. In Section 2 we recall basic notions and
facts from the theory of cooperative interval games. We study the properties
of the interval Shapley value on the class of size monotonic interval games
in Section 3. Finally, Section 4 gives an axiomatic characterization of the
interval Shapley value on a special subclass of cooperative interval games.

2 Preliminaries

In this section some preliminaries from interval calculus and the theory of
cooperative interval games are given (Alparslan Gk, Branzei and Tijs (2008)
and Alparslan Gok, Miquel and Tijs (2009)).

A cooperative interval game is an ordered pair < N,w > where N = {1,...,n}
is the set of players, and w : 2V — I(R) is the characteristic function such
that w(0) = [0, 0], where I(R) is the set of all nonempty, compact intervals in
R. For each S € 2V the worth set (or worth interval) w(S) of the coalition
S in the interval game < N, w > is of the form [w(S),w(S)], where w(S) is
the minimal reward which coalition S could receive on its own and w(.S) is
the maximal reward which coalition S could get. The family of all interval
games with player set N is denoted by IGY. We denote by I(R)" the set of
all such interval payoff vectors.

Let I,J € I(R) with I = [1,1], J = [J,J], |I|=1—1 and a € R;. Then,
() I+J=[L+JT+T];
(i) af = [al, o).

By (i) and (ii) we see that I(R) has a cone structure.

In this paper we also need a partial substraction operator. We define I — J,
only if [I| > |J|, by I —J = [I—J,I—J]. Note that [ —J < T —J. We
recall that [ is weakly better than J, which we denote by I = J, if and only
if I > J and I > J. We also use the reverse notation I < J, if and only if
I<Jand I<J.



For wy, wy € IGYN we say that w; < wy if wi(S) < wy(S), for each S € 2V,
For wy,ws € IGYN and )\ € R, we define < N,w; +wy > and < N, \w > by
(w1 + ws)(S) = wi(S) +wz(S) and (Aw)(S) = X-w(S) for each S € 2V. So,
we conclude that GV endowed with < is a partially ordered set and has a
cone structure with respect to addition and multiplication with non-negative
scalars described above. For wy,wy € IGY with |w;(S)| > |wy(S)| for each
S € 2N < N,w; —wy > is defined by (w; — wy)(S) = w1 (S) — wy(S).

The model of interval cooperative games is an extension of the model of
classical TU-games. We recall that a classical TU-game < N,v > is defined
by v :2Y¥ — R, v(0)) = 0. We denote the family of such games by GV, and
recall that GV is a (2Vl — 1)- dimensional linear space for which unanimity
games form an interesting basis. Let S € 2V \ {#}. The unanimity game
based on S, ug : 2V — R is defined by

1, ScT
us(T) = { 0, otherwise.

The reader is referred to Part I in Branzei, Dimitrov and Tijs (2008) for a
survey on classical TU-games.

Now, we recall that the interval imputation set Z(w) of the interval game
w, is defined by

T(w) = {(11, L) € IR L= w(N),w(i) < I, for all i € N} ,
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and the interval core C(w) of the interval game w, is defined by

C(w) = {([1,...,In) GI(w)]ZIi = w(9), for all S € 2N\{@}}.

€S

We notice that both Z(w) and C(w) consist of efficient interval payoff vectors,
Le. (Ih,...,1,) € I(R)N with >, y I; = w(N), satisfying specific rationality
conditions.

We call a game < N,w > size monotonic if < N, |w| > is monotonic, i.e.,
lw| (S) < Jw|(T) for all S,T € 2V with S C T. For further use we denote by
SMIGN the class of size monotonic interval games with player set V.

The interval marginal operators and the interval Shapley value were defined
on SMIG" in Alparslan Gok, Branzei and Tijs (2008) as follows.



Denote by II(N) the set of permutations o : N — N of N. The interval
marginal operator m°® : SMIGYN — I(R)V corresponding to o, associates
with each w € SMIGY the interval marginal vector m?(w) of w with respect
to o defined by m¢(w) = w(P,(i) U{i}) — w(P,(i)) for each i € N, where
P,(i) :={r € Njo7!(r) < o '(i)}, and o~'(i) denotes the entrance number
of player i. We notice that m?(w) is an efficient interval payoff vector for
each o € II(NV). For size monotonic games < N,w >, w(T") —w(S) is defined
for all S,T € 2V with S C T since |w(T)| = |w|(T) > |w|(S) = |w(9)].
Now, we notice that for each w € SMIGY the interval marginal vectors
m?(w) are defined for each o € II(NN), because the monotonicity of |w|
implies w(S U {i}) — w(S U{i}) > w(S) — w(S), which can be rewritten as
w(SU{i}) —w(S) > w(SU{i}) —w(S). So, w(SU{i}) —w(S) is defined
for each S C N and i ¢ S.

The interval Shapley value ® : SMIGYN — I(R)" is defined by

O(w)=— >  m’(w), for each we SMIGN. (1)

o€II(N)

We can write (1) as follows

i(w) = — Y W@ (@) U{i}) —w(P(D)). (2)

" o€ell(N)

The terms after the summation sign in (2) are of the form w(SU{i}) —w(5),
where S is a subset of N not containing i.

Note that there are exactly |S|!(n — 1 — |S|)! orderings for which one has
Po({i}) = S. The first factor, |S|!, corresponds to the number of orderings
of S and the second factor, (n — 1 — |S])!, is just the number of orderings of
N\ (SU{i}). Using this, we can rewrite (2) as

o) = 3 T I W sU giy) — o). 3

S¢S

Note that

DU LI

S¢S



3 Properties of the interval Shapley value

In this section we study some properties of the interval Shapley value on the
class of size monotonic interval games.

PROPOSITION 3.1. The interval Shapley value ® : SMIGN — I(R)V is
additive.

Proof. First, we show that for each o € II(N) the interval marginal operator
m° : SMIGYN — I(R)Y is additive, i.e., for all wi,w, € SMIGYN, m?(w; +
wy) = m7(wy) + m?(ws).

Let o0 € II(N) and k € N. Then,

Mo (w1 +wse) = (w1 +ws)(o(1),...,0(k))
— (wy+we)(o(1),...,0(k—1))
= wi(o(1),...,0(k)) —wi(o(1),...,0(k —1))
+ wao(l),...,0(k) —wa(o(l),...,0(k—1))
= mgp(w )+mg( y(w2).

Now, using the additivity property of interval marginal operators we obtain
that ® : SMIGY — I(R)" is an additive map, i.e.,

1

(I)(wl + wz) = m Z m"(wl + wg)
" o€ell(N)
1
= ﬁ Z mU<U)1 ' Z m w2
o€II(N) o€Il(N

= (I)<w1) —+ @(wQ),
for all wy,wy € SMIGN. O

Let w € SMIGY and i,57 € N. Then, i and j are called symmetric
players, it w(SU{j}) —w(S) =w(SU{i}) —w(S), for each S with i,j ¢ S.
We leave the proof of the following proposition to the reader.

PROPOSITION 3.2. Leti,j € N be symmetric players inw € SMIGY. Then,
Di(w) = ;(w).

Let w € SMIGY and i € N. Then, i is called a dummy player if
w(SU{i}) = w(S) + w({i}), for each S € 2N\i},

5



PROPOSITION 3.3. The interval Shapley value ® : SMIGYN — I(R)N has the
dummy player property, i.e. ®;(w) = w({i}) for allw € SMIG" and for all
dummy players i in w.

Proof. This follows from (3) by taking (4) into account. O

PROPOSITION 3.4. The interval Shapley value ® : SMIGN — I(R)N is
efficient, i.e., 3, .n Pi(w) = w(V).

Proof. First, we show that for each o € II(N) the interval marginal operator
m? : SMIGN — I(R)" is efficient, i.e. >,y m¢(w) = w(N).
Let w € SMIGY and o € TI(N). Then,

Zm;’(w) = ng(k)@f)

iEN k=1

= w(o(1) +w(e(l),...,0(n)) —w(e(1l)) =w(N).

Now, using the efficiency of interval marginal operators, we obtain that & :
SMIGN — I(R)Y is an efficient map, i.e.,

1 . 1 . 1
S ) = =3 P miw) = Y Yomiw) = k() = w(),
ieN i€EN g€TI(N) o€Il(N) ieN

for each w € SMIGN. O]

4 An axiomatization of the interval Shapley
value

Let S € 2V \ {0}, I € I(R) and let ug be the unanimity game based on S.
The cooperative interval game < N, Iug > is defined by ({ug)(T) = ug(T)1
for each T' € 2V \ {0}, and its Shapley value is given by

[ 1/]S], ieS
q)"(]“5>_{[0,0], idS.



In the sequel such interval games will play a central role. We denote by
KIGY the additive cone generated by the set

K = {Isug|S € 2V \ {0}} |

where I € I(R). So, each element of the cone is a finite sum of elements
of K. We notice that KIGY ¢ SMIGY, and axiomatically characterize the
restriction of the interval Shapley value to the cone KIGY .

THEOREM 4.1. There is a unique solution ¥ : KIGN — I(R)N satisfying
the properties of additivity, efficiency, dummy-player and symmetry. This
solution is the interval Shapley value.

Proof. From Propositions 3.1, 3.2, 3.3 and 3.4 and KIGN C SMIGYN we
obtain that ® satisfies the four properties on KIG".

Conversely, let W be an interval value satisfiying the four properties on
KIGY. We have to show that ¥ = ®. Take w € KIG". Notice that w can
be written as w = Y gcony gy Isus. Then, for each S € 2M\ {0} and Is € I(R)

we have W(3 geon gy Lsts) = D ogeom py ¥(Isus) and @D geon (g Isus) =
> SeaN\ {0} ®(Isug) by additivity. Therefore we need to show that for each

S e 2N \ {@} and Ig € [(R), \IJ([SUS) = (I’(ISUS) Take S € 2V \ {@} and
Is € I(R). Note that for alli € N\ S,

(Lsus)(T'U{i}) — (Isus)(T) = [0,0] = (Lsus)({i}).
By the dummy player property, we have
U, (Isug) = @;(Isug) = [0,0],for all i € N\ S. (5)
Now, suppose that 7,5 € S, i # j. Then the symmetry property implies that
Q;(Isus) = ®;(Isug) for all 4,5 € S, (6)

and, similarly,
U, (Isug) = V,(Isug) for all 4,5 € S.

By efficieny, (5) and (6) we obtain for any S € 2V \ {0} and Is € I(R)

I
Willsus) = @i(Isus) = 77 (7)
Hence, ¥(w) = ®(w) for all w € KIGY by (5) and (7). O



References

1]

Alparslan Gok S.Z., Branzei R. and Tijs S., “Convex interval games”,
preprint no. 100, Institute of Applied Mathematics, METU and Tilburg
Unwversity, Center for Economic Research, The Netherlands, CentER
DP 37 (2008).

Alparslan Gok S.Z., Branzei R. and Tijs S., “Airport interval games and
their Shapley value” (to appear in Operations Research and Decisions,
Issue 1 (2009)).

Alparslan Gok S.Z., Miquel S. and Tijs S., “Cooperation under interval
uncertainty”, Mathematical Methods of Operations Research, Volume 69
(2009) 99-1009.

Branzei R., Dimitrov D. and Tijs S., “Models in Cooperative Game
Theory”, Springer (2008).

Branzei R., Mallozzi L. and Tijs S., “Peer group situations and games
with interval uncertainty”, preprint no. 64, Dipartimento di Matematica
e Applicazioni, Universita’ di Napoli (2008).

Shapley L.S., “A value for n-person games”, Annals of Mathematics
Studies 28 (1953) 307-317.



